MAX-PLANCK-INSTITUT FUR WISSENSCHAFTSGESCHICHTE
Max Planck Institute for the History of Science

2016

PREPRINT 480

Yvonne Foures-Bruhat

Existence theorem for certain systems of
nonlinear partial differential equations






Existence theorem for certain systems of
nonlinear partial differential equations

Yvonne Foures-Bruhat*

Abstract

This paper is the translation by Giampiero Esposito of a paper originally published in
French in Acta Mathematica 88, 141-225 (1952) under the title: Théoréme d’existence for
certain systémes d’équations aux dérivées partielles non linéaires. The first three
chapters are devoted to the solution of the Cauchy problem, in the nonanalytic case, for a
system of nonlinear second-order hyperbolic partial differential equations with n unknown
functions and four independent variables. This task is accomplished in chapter III by using
the system of integral equations fulfilled by the solutions of partial differential equations that
approximate the original nonlinear system. In chapter IV, such results are applied to the
vacuum Einstein equations. The resulting Ricci-flatness condition is expressed, in isothermal
coordinates, through nonlinear equations of the kind studied here. It is hence proved that
the solution of the Cauchy problem, pertaining to such nonlinear equations, satisfies over the
whole of its existence domain the isothermal conditions if the same is true for the initial data.
One therefore obtains a solution of the vacuum Einstein equations which is unique up to a
coordinate change.

Introduction

I have studied the formulation of the Cauchy problem for nonlinear hyperbolic partial differential
equations as suggested by the equations of Einstein’s gravitation. These equations are indeed
a system of ten second-order equations, with four independent variables (space and time) and
ten unknown functions, the gravitational potentials. These equations are of normal hyperbolique
type in a regular system of spacetime coordinates. The determinism problem occurs, in Einstein’s
theory, in the form of a Cauchy problem, the data being assigned on a space-oriented manifold,
with respect to this system of equations. The study of this problem, on assuming analytic Cauchy
datal, had shown that, by using four conditions fulfilled by these data, in correspondence to some
initial data, assigned on a noncharacteristic surface S, there existed an Einstein spacetime in the
neighbourhood of S. The study of characteristic surfaces, defined by the fact that Cauchy data,
assigned on such surfaces, do not determine in its neighbourhood a spacetime, had shown that
these surfaces were tangent at any point M whatsoever on them to the characteristic conoid with
vertex at M, this conoid being generated by light rays, i.e., null geodesics. One could also see
the emergence of gravitational waves and gravitational rays, giving to the gravitational field the
character of a propagation phenomenon, and one could see the identity of propagation laws for
light and for the gravitational field. It therefore seemed very important to extend these results to
nonanalytic Cauchy data, on the one hand because such an hypothesis of analyticity is meaningless
in a physical theory where coordinate changes are only restricted to be sufficiently differentiable,
on the other hand to highlight what M. Stellmacher [11] calls causal structure of spacetime: the
gravitational field at a point M should only depend on the field at points preceding M (i.e. one
can reach the point M by a future-directed timelike worldline, which has a lower bound for the
time coordinate). M. Stellmacher had proved, by using majorizations of Friedrichs and Lewy type
and isothermal coordinates, an uniqueness theorem: to Cauchy data assigned on a domain of a
spacelike surface located within the characteristic conoid of vetex M, there corresponds at most
one single system of potentials at the point M (up to a coordinate change). It has been our aim
to prove that there corresponds effectively one such a system of gravitational potentials.
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The problem that I have considered is the Cauchy problem with respect to a system of second-
order partial differential equations, which are only linear with respect to second derivatives. The
universe being described by a system of isothermal and regular spacetime coordinates, the coefli-
cients of second derivatives are the same for the ten equations, the corresponding quadratic form
having to be of the normal hyperbolic type.

The solution of the Cauchy problem for a nonlinear hyperbolic partial differential equation has
been determined by H. Lewy [5], in the case of two variables, by integration along characteristics and
subsequent approximations. Schauder [7], by using majorizations of the Friedrichs and Lewy type
and the approximation by means of analytic functions, pointed out in 1935 to a method enabling,
no doubt, to obtain an existence theorem for a second-order equation, hyperbolic, in any number
of independent variables. In 1937, by using a majorization discovered by Haar, Schauder [8] proved
the existence of a solution of the Cauchy problem for certain systems of first-order equations. His
solution was applicable, in particular, to a second-order equation in two variables. The study of
first-order hyperbolic systems and the Fourier transform led on the other hand Petrovsky [9], after
Herglotz [8], to a formulation of very general existence theorems.

It seemed to me that, for the problems considered by the theory of relativity, it would be
interesting to obtain, under the minimal possible amount of assumptions, an existence theorem
easy to use, enabling to find properties of the solutions that can be compared with the classical
properties of light waves and gravitational potentials, and to have formulas which can be an efficient
method of calculating gravitational fields, at least approximately, that correspond to given initial
conditions.

I therefore devote the first three chapters of this work to the solution of the Cauchy problem, in
the nonanalytic case, for a system of nonlinear second-order hyperbolic partial differential equations
with n unknown functions W and four independent variables %, having the form

W

B, =AM —_—°_
s Ox A OzH

+fs=0, \p=1,234 s=1,2,...n,
where AM and f, are given functions of the unknown W and their first derivatives.

I use, for this solution, a system of integral equations fulfilled by the seven-times differentiable
solutions of equations E.2 This system is obtained for some linear equations by integrating over the
characteristic conoid 3 with vertex M some linear combinations of the E equations (the coefficients
of these combinations are some auxiliary functions which possess at M the parametrix properties,
an approximation of the elementary solution of M. Hadamard) and by adjoining to the formulas
of Kirchhoff type obtained in such a way the equations determining the characteristic conoid and
the auxiliary functions. The results admit of an easy extension to nonlinear equations, subject
to the condition of integrating over » not the E equations themselves but the equations derived
from E by five derivatives, and provided one supplements the previous integral equations with
the equations relating among themselves the derivatives of the unknown functions up to the fifth
order. Such a system had been formed by Sobolev [11] for an hyperbolic linear second-order partial
differential equation (with analytic coefficients) and by Christianovich [13] for a nonlinear equation
in four variables. Christianovich was limiting himself, however, to an equation not containing mixed
second derivatives, and was not writing Kirchhoff formulas except when assigning particular values
to the coefficients (the solution that he provides of the system he obtains is on the other hand
erroneous, the integrals that he considers not being convergent).

By extending these methods, I write in its complete form the system of integral equations
satisfied from a system whatsoever of type E and I study in detail the various quantities occurring
in these integral equations (chapters I and II) in light of the goal of solving them. I point out that
the kernel, occurring in the Kirchhoff formula, is only bounded under differentiability assumptions
made on the unknown functions. Some difficulties occur therefore in the process of solving directly

the system of integral equations obtained, and of using it to solve the Cauchy problem relative to
E.

2M. M. RIESZ uses equally well integral equations to solve the linear Cauchy problem with variable coefficients.



I come in chapter III to the Cauchy problem for system E by using the system of integral
equations fulfilled by the solutions of partial differential equations F; that approximate E. The
proof is performed in detail in the case, a bit simpler, that involves derivatives of a lower order,
which is the one of equations of relativity, where the coefficients of second derivatives depend on
the unknown functions but not on their first derivatives. I prove that, to Cauchy data five times
differentiable, assigned on a compact domain d of the initial surface * = 0, there corresponds a
unique solution, four times differentiable, of equations F in a domain D, section of a cone having
as basis the domain d, if the coefficients of these equations are four times differentiable.

The solution of the Cauchy problem for a system E whatsoever can be obtained in a completely
analogous way: it is enough to consider equations approaching not E itself but some equations
previously derived.

I apply, in chapter IV, the previous results to the equations of gravitation.

The equations of relativity R,3 = 0 get reduced, in isothermal coordinates, to equations of the
type E, Gog = 0. I prove, by using the conservation equations, that the solution of the Cauchy
problem, pertaining to the equations Gog = 0, satisfies over the whole of its existence domain the
isothermal conditions if the same is true for the initial data. This solution satisfies therefore the
equations of gravitation. I prove that it is unique up to a coordinate change. I have also built
an Einstein spacetime corresponding to nonanalytic initial data, assigned on a spacelike domain,
and in such a way that it highlights the propagation character which is peculiar of relativistic
gravitation.

CHAPTER I
Linear equations

We will consider in this chapter a system (E) of n second-order partial differential equations,
with n unknown functions us and four variables x, hyperbolic and linear, of the following type:

O2u, Oug

Oz Oz Ozt

The coefficients A* (which are the same for all n equations), B * and f, are given functions of
the four variables z®. We will assume that they satisfy, within a domain defined by

E, = AM + Bi# +f=07rs=1,2...n \p=12,..,4.

|a' =7 <d, |2*| <e(1=1,2,3)
(where @', d and ¢ are some given numbers) the following assumptions:

Assumptions on the coefficients

(1) The coefficients A* and B’ * possess continuous and bounded derivatives up to the orders
four and two, respectively. The coefficients f, are continuous and bounded.

(2) The quadratic form Az A%, is of the normal hyperbolic type, has one positive square and
three negative squares. We will assume in addition that the variable z* is a temporal variable, the
three variables z! being spatial, i.e.

A* > 0 and the quadratic form AYx;x; < 0 (negative definite).

(3) Partial derivatives of the AM of order four and two, respectively, and B’ * satisfy Lipschitz
conditions with respect to all their arguments.

Summary of chapter I

We will prove, in light of our aim to solve the Cauchy problem, that every system of n functions
(continuous and bounded within D with their first partial derivatives), satisfying the (E) equations
and taking at 2% = 0, as for their first partial derivatives, some given values, is a solution of a system
of integral equations (I). These equations (I) express the values, at a point My(z¢) belonging to
D, of the unknown u; in terms of their values on the characteristic chonoid (X¢) of vertex My and
in terms of the initial data.



We will obtain these equations by integrating over 3y some linear combinations of equations
(E), the coefficients of these combinations being n? auxiliary functions which exhibit a singularity
at M().

We will assume, in part I of this chapter, that the coefficients A* take at M, some particular
values (1,0 and —1). We will suppress this restriction in part II.

A. Characteristic conoid

1 Equations defining the characteristic conoid

The characteristic surfaces of system (F) are three-dimensional manifolds of the space of four
variables x¢, solutions of the differential system

F = AMyyy, =0

with
yrdz = 0.

The four quantities ¢, denote a system of directional parameters of the normal to the contact
element, having support x®. Let us take this system, which is only defined up to a proportionality
factor, in such a way that y4 = 1 and let us set y; = p;. The desired surfaces are solution of

F = A" 4 24%p, + Aijpipj =0, dz* + pida’ = 0. (1.1)

The characteristics of this differential system, bicharacteristics of equations (E), satisfy the follow-
ing differential equations:

o dz* —dp; dX
i T A, -
At Alip; A 4 Ap, %(Qf _pi%)

A1 being an auxiliary parameter.

The characteristic conoid Xy with vertex Mo(z§) is the characteristic surface generated from
the bicharacteristics passing through M. Any such bicharacteristic satisfies the system of integral
equations

xlzxé—i—/ Tid\y, T' = A™ 4+ A¥p;,
0

A1
rt = 2] +/ T4\, T* = AM + A%yp,, (1.2)
0
A1
1 /0F oF
0
i =Dy RidA\, Ry = —— - —Dis— |
p b; + 0 1 2 (8337 p 8%‘4)

where the p? verify the relation
AU+ 247 + ATl =0, (1.3

where Aé”’ denotes the value of the coefficient AM at the vertex My of the conoid Xy.
We will assume that at the point M the coefficients AM take the following values:

A =1, At =0, AY = —o". (1.4)

The relation (1.3) takes therefore the simple form

S (=1



We will introduce to define the points of the surface g, besides the parameter A\; which defines
the position of a point on a given bicharacteristic, two new parameters Ao and Az that vary with
the bicharacteristic under consideration, by setting®

p(f = sin A\ - cos Ag, pg = sin Ay - sin Az, pg = COoS Aa.

2 Domain V

The assumptions made on the coefficients A* make it possible to prove that there exists a number
€1 defining a variation domain A of the parameters A; by means of

A <er, 0< A <, 0< A3 < 27, (A)
such that the integral equations (1.2) possess within (A) a unique solution, continuous and bounded
% = xa(xga )‘17 )\27 )\3)a Di = pi(xgv )\17 )\Za )\3)a (21)

satisfying the inequalities
|xi —fi| <d, |x4| <e

and possessing partial derivatives, continuous and bounded, of the first three orders with respect
to the overabundant variables A1, p? (hence with respect to the three variables )\;).

The first four equations (2.1) define, as a function of the three parameters \;, varying within
the domain A, a point of a domain V' of the characteristic conoid Y.

We shall be led, in the following part of this work, to consider other parametric representations
of the domain V:

(1) We shall take as independent parameters the three quantities 2%, A2, A\3. The function
2%(\1, A2, A3) satisfies the equation

AL A
zt= / T*d\, + 3 where T* = A + Ay, (2.2)
0

Or it turns out from (1.3) that, on Xy, one has
24"p; = —AYp;p; — AM > — A,

from which
44

T4 > A— > 0;
2
x* is thus a monotonic increasing function of \;, the correspondence between (z*, A2, A3) and
(A1, A2, A3) is bijective.
(2) We shall take as representative parameters of a point of ¥ his three spatial coordinates x.
The elimination of A1, A2, A3 among the four equations yields 2* as a function of the z*.
From the relation
dzt + pida’ =0,

identically verified from the solutions of equations (1.2) on the characteristic surface ¥y, one infers
that the partial derivatives of this function z* with respect to the z? verify the relation

Ozt
oxt
3Note that the integral equations (1.2) under consideration are nonlinear integral equations, the quantity under

integration symbol being a polynomial of given functions of the unknown functions. It is easy to prove that these
equations have a continuous, bounded, three times differentiable solution, verifying

|xi75i| < d and {x4| <e

= —Di-

within the domain (A) below. Analogous proofs are performed in chapter III.



If we denote by [¢] the value of a function ¢ of four coordinates z* on Xy and if we express
[¢] as a function of the three parameters x* representatives of X, the partial derivatives of this
functio with respect to the x* fulfill therefore:

50 = |a2] - [] 23

3 Integral equations satisfied from the derivatives of the
functions z'(\) and p;(\)
We shall set A , 0
oxt o 82 o 83 i ;
8p§) - yj7 3pj<9p yjha 8pj8phapk yjhka

opi _ i i _ Fpi i
opY I oplopy M oplophop) I

These functions satisfy the integral equations obtained by derivation under the summation sign
with respect to the p{ of equations (1.2) (the quantities obtained under the integration signs being
continuous and bounded). Formula (2.3) shows that these equations can be written (the derivatives
g—g being useless)

A |
i _ ! ) i __ or' _ 9 ih 0 4 ih h
= [ i 1= G = LT a4 A b 4 4,

J

, M OR; OR; IR,
i= | Rid\, R =S5 =] “2,
K 0 b 8p] &T Opi
. Mo . 9TE ATy aTi A
) I ) 0 h i
yjk = /0 Tjde17 ik = apk axh y]k + 5 a k + ¢jk7
D OR, OR; ,  OR y
ij = . R kd)\ly Rj = 8pk 8xhyjk+ 8 +,¢)Jk’

where ¢;k and d};‘k are polynomials of the functions p;(\), yj L(N), 2 ( ), of the coefficients AM (z®)
and of their partial derivatives with respect to the z® up to the third order included. In these
functions the x® are replaced from the *(\) given by the formulas (2.1).

We would find by analogous fashion

, M T aT' |
_ “Tjh l
Yink —/0 ghkd/\la jhk 8p2 = o a7 Yink T o ]hk+¢jhk)

i Mo ;. ORy, QR OR'
Zipk = ; RiprdAi, Ry, = 8—;2 o7l y;hk + 57 ap! ]hk ‘Hﬁjhk,

where ¢§- n and 1/)3- ni are polynomials of the functions p;, y;, z}, y; s z; ,, as well as of the coefficients
AM and of their partial derivatives up to the fourth order included (functions of the functions z).

4 Relations satisfied by the unknown functions on the sur-
face of the characteristic conoid

We will denote by [¢] the value of a function ¢ of the four coordinates * on the surface of the
characteristic conoid Xg. [p] can be expressed as a function of three variables of a parametric



representation of ¥¢, in particular of the three coordinates x?. In light of the equality (2.3) the
partial derivatives of this function with respect to the z* verify the relation

el _[22] _[22],,
Oxt Ozt ozt | 7"
One applies again this rule to the evaluation of the derivatives

d [0y d [0y
oz ax} and 55 {%]

% 1_ 0 [0e] [Pe]
Oxidzt|  Oxt | Ozt gz | PP

o 1 9%y 0 [op 0 [0p
[axiaaﬂ} ~ Ozi0xd + ox? {@] Pit Bai Oxd {8—] pit

from which it follows easily

O | Ipi
Ozt | B
0%
+ {W Pipj-
These identities make it possible to write the following relations satisfied by the unknown
functions us on the characteristic conoid:

[E] _ [Az'j] 82[ + { Az] pp 4 2[A14]p [A44]} 82“7’
' 8x18xJ Y ’ Pyve
y ou ou Op; ou
1 z4 T T i 7 s
+ 2{[A Ipj +14 }8x7 {8x4] + {8x ] 4 ]8xj + B [ax/‘}
+ [f]=0. (4.1)

The coefficient of the term [giﬂg} is the value on the characteristic conoid of the first member of

equation (1.1); it therefore vanishes. We might have expected on the other hand that the equations
[E,] = 0 would not contain second derivatives of the functions u, but those obtained by derivation
on the surface Xy, the assignment on a characteristic surface of the unknown functions [u,] and of

their first derivatives [gg;} not being able to determine the set of second derivatives.

B. Auxiliary functions

5 Introduction of the auxiliary functions ¢,. Occurrence of
a divergence

We form n? linear combinations o”[E,] of the equations (4.1) verified by the unknown functions
within the domain V of X, the o7 denoting n? auxiliary functions which possess at My a aingu-

larity.
We set 52
= v
¢ denoting a function whatsoever of the three variables 2, and we write
r Iy w0 [Ouy
oiB = {arllu) + 2047, + 14 o | 5]
ou opi Ouy .
T 17 tu L T
+ |G| g + s | g |+ e =0 5.1



We will transform these equations in such a way that a divergence occurs therein, whose volume
integral will get transformed into a surface integral, while the remaining terms will contain only
[u,] and [g;g] We will use for that purpose the following identity, verified by two functions
whatsoever ¢ and 1 of the three variables x*:

oM(0) = 5 (1491055 ) = 55 (1410

or

() = 5 (1491055 — 5 (4%00) ) + £BI0)

where M is the adjoint operator of M, i.e.
7 0%([AY]y)
M - =
W) = 5.7
and the identity (2.3), previously written, which yields here

ou, _8[ur]+ ‘ ou,
oz |~ oz V||

We see without difficulty that the expressions o’ [E,| take the form

T _ a i r r _ aur r
JS[ET] - 81‘1E9 + [U’T]Ls +Usfr |:8$4:| Ds’
where one has defined
i _ 1 pigyr Oltr] 9 ijy v T[T Ad wapy | Our
By = [A%ol 55 — )5 (A¥100) + 207 {[A%]p; + (471} [8334]
+[By)[udlo?,
T AS( AT 0 ri) -t
Ly = M(0}) - 5= (1B7")ot) (5:2)
o 3 . . Op; g 0T
T 4T 5 0n . 471\ ij1 23 50 . 41\ s
D = o {20 (A4, + 14 - (A5 -+ 20 + 4] %

—([B) + [B Ipi)o.

We will choose the auxiliary functions o} in such a way that, in every equation, the coefficient

of [ggz] vanishes. These functions will therefore have to fulfill n? partial differential equations of

first order

D =0. (5.3)

We will see that these equations possess a solution having at My the desired singularity. If the
auxiliary functions o7 verify these n? relations, the equations, verified by the unknown functions
u, on the characteristic conoid ¥, take the simple form

[ur] s + o [fr] +

O i
5B =0. (5.4)



6 Integration of the obtained equations

We will integrate the equations so obtained with respect to the three variables x* on a portion V, of
hypersurface of the characteristic conoid %, limited by the hypersurfaces z* = 0 and z* = z¢ — .
This domain V;, is defined to be simply connected and internal to the domain V' if the coordinate

x¢ is sufficiently small. As a matter of fact:
‘ 4 . . i1 4 4
x0| < &g implies within V,, |x - x0| < €o0-
The formula (2.2) shows in such a case that, for a suitable choice of ¢, we will have
/\1 <e1.

Since the boundary of V,, consists of two-dimensional domains Sy and S,, cut over 3¢ from the
hypersurfaces z* = 0,2* = 2} — n we will have, upon integrating the equations (5.4) within V,,,
the following fundamental relations:

//Vn/{[ur]LZ+U§[fr]}dV+//Sn Ei cos(n, z)dS

- / E! cos(n,z")dS = 0, (6.1)
So

where dV, dS and cos(n, z*) denote, in the space of three variables x?, the volume element, the area
element of a surface * = C'® and the directional cosines of the outward-pointing normal to one
of such surfaces, respectively.

The limit of these equations, when 1 tends to zero, will provide us with Kirchhoff formulas that
we will build in the last part of this chapter.

r

7 Determination of the auxiliary functions o}

We will look for a solution of equations (5.3) in the form

‘A

_ r
s = 0w

g s

where o is infinite at the point M, and the w are bounded.
The equations (5.3) read as

0
ozt

or {iwm T [A1)) + p;

n i) + 2 Aiﬂ}

P
005 _y,
ox?

The coefficients AM, B, the first derivatives of the A* and the functions p; are bounded
within the domain V, the coefficients of the linear first-order partial differential equations are
therefore a sum of bounded terms, perhaps with exception of the terms

—([B/*] + [By Ips)os + 2([AY]p; + [A™])

Oy + (4]}

We will therefore choose the wf, that we want to be bounded, as satisfying the equation

v O i 9 i r ri ij iy Ows
Wipyp AV + (A — Wl {[BI] 4 [BFpi) + 2 {[AV]p; + 147} 52 =0, (7)
fulfilling in turn
b g A g 41\ 0o
i . 14 i . 14 _
o= (147]p; + [4) +2([4Y]p; + [4"]) 55 = 0. (7.2)



8 Determination of the w;

We see easily that the equations (7.1) can be written in form of integral equations analogous to
the equations (1.2) obtained in the search for the conoid £y. We have indeed, on q:

iy , .02
Al] . Az4 _ Tz _
Ay, + (4% =T = 52,
from which, for an arbitrary function ¢ defined on X,
7id% _ 9%
81‘1 (9)\1
Let us impose upon the w the limiting conditions
wy =0, for Ay = 0.
These quantities satisfy therefore the integral equations
A1
o = / (QFwl + qul)dAy + 67 (8.1)
0
with ) ) o o
Qr = 5([3?1] + [B}]p;) and Q = —3 <Pj By [AY] + %[AM]) )

the assumptions made upon the coefficients A* and B’* and the results obtained on the functions
x*, p; enabling moreover to prove that, for a convenient choice of €;, these equations have a unique,
continuous, bounded solution which has partial derivatives of the first two orders with respect to
the pY, continuous and bounded within the domain A. We will denote these derivatives by w”; and

T
W

9 Determination of o

Let us consider the equation (7.2) verified by 0. We know that

p 40y OO do
[ 14 _
([A p] + [A ])8$Z ({9)\1’

and we are going to evaluate the coefficient of o,

D 1A, + (4%,

by relating it very simply to the determinant

D(x!, 22, 23)

A= 222
D(A1, A2, A3)

This determinant A, Jacobian of the change of variables z* = 2%();) on the conoid %, has for
elements

2" ; Oxt LOpY O ;09
:T, — =y, =Y.
o\ OAa TOXNg” O3 TON;
Let us denote by A; the minor relative to the element % of the determinant A.

A function whatsoever ¢, defined on ¥, verifies the identities

op _ O] 9p

10



dz’

Let us apply this formula to the function = T
0 pi D50 0 0 (o
8l‘i a A 8/\j a A 8/\1 (9)\J ’

A7 being the minor relative to the element g—;% of the determinant A we have
Y J

d .. 10oA
8{Ei N A 8)\1 '
Thus, the function o verifies the relation
oN do
— +2A—=0
om0 N

which is integrated in immediate way. The general solution is

f(>‘2’)‘3)
| A2

)

where f denotes an arbitrary function.

For A\; the determinant A vanishes, because the y; are vanishing; the function o is therefore
infinite.

The coefficients A and their first and second partial derivatives with respect to the z® being
continuous and bounded within the domain V' of ¥y, as well as the functions z°, y;, z;, we have

Y

1 _— = 7'] —_n = — ‘j. .
e [AY]x =0 = —4; (9.1)
By dividing the second and third line of A by A\; we obtain a determinant equal to )\—%; we
1

deduce from the formulas (9.1) and (9.2)

A —sinAgcosA3 —sinAgsinA3  — cos Ay
lim v =det | —cosAacosA3 —cosAasinAg  sin Ao = —sin As.
M=0 A +sinAysin A3 —sin g cos A3 0
As a matter of fact:
: P 7,0 _ 0
Alllgo T = _51']91' = —D;
10 i i 0 0 .0 0
lim — A im Y5 9P :—(Vﬂ.
A1—0 )\1 6)\u A1—0 )\1 6)\u 7 8)\u

We will take for auxiliary function o the function

1
sin Ag |2

A

We will then have limy, ooA = 1.

10 Derivatives of the functions o}

The equations (6.1) contain, on the one hand the values on ¥ of the unknown functions u,, of
their partial derivatives as well as the functions p;,y and z, on the other hand the functions o},
and their first and second partial derivatives.

Let us study therefore the partial derivatives of the first two orders of the functions o and wi.

11



Derivatives of o:
1
sin Ag |2

A

is a function of the trigonometric lines of A, (u = 2,3), of the functions = (through the interme-
diate effect of the AM) and of the functions p;, y; The first and second partial derivatives of o
with respect to the x* will be therefore expressed with the help of the functions listed and of their
first and second partial derivatives.

(1°) First derivatives: We have seen that the partial derivatives with respect to the z¢ of a
function whatsoever ¢, defined on ¥, satisfy the identity

dp _ O] 0p
&fri o A 8)\j,

(10.1)

j .
where AA" is a given function of cos Ay, sin Ay, 2%, p;, v, the partial derivatives with respect to A\; of

the functions z*, p;, yf 4 are the quantities T%, R;, T]7 which are expressed through these functions

themselves and through zf , the partial derivatives with respect to A\, of these functions 2%, p;, yf
being expressible by means of their derivatives with respect to the overabundant parameters p(,)”
denoted here by y,i, z,i, y{h, and by means of cos A\, sin \,,.

The function o admits therefore within V', under the assumptions made, of first partial deriva-
tives with respect to the z* which are expressible by means of the functions 2% (with the interme-

diate help of the [A*] and of the {85'4;:‘} and of the functions p;, y}, zji., y;.h and of cos Ay, sin \,,).

(2°) Second derivatives: A new application of the formula (10.1) shows, in analogous fashion,
that o admits within V' of second partial derivatives, which are expressible by means of the functions
z® (with the intermediate action of the A and their first and second partial derivatives) and of
the functions p;, y?, z;-, vl 2zl yl . and of cos Ay, sin A,

Derivatives of the w: The identity (10.1) makes it possible moreover to show that the functions
w’, solutions of the equations (7.1), admit within V of first and second partial derivatives with
respect to the variables ? if these functions admit, within V, of first and second partial derivatives
with respect to the variables \,; it suffices for that purpose that they admit of first and second
partial derivatives with respect to the overabundant variables p!.

We shall set

ow”

2, r
s _ 7 9 Wy "
0 ~ s 09,0 ~ Ysij*
Op; 8107:6]9]'

If these functions are continuous and bounded within V' they satisfy, under the assumptions
made, the integral equations obtained by derivation under the summation symbol of the equations
(8.1) with respect to the p?. Let respectively

A1
1%) wg = / (Qfwl; + Qui; + Q%)dA,
0

where
oQ;

0Q
o

opY °

is a polynomial of the functions wg,pi,y;.,z; as well as of the values on Xy of the coefficients

Q= +

AM BT of the equations (E) and of their partial derivatives with respect to the z® up to the
orders two and one, respectively (quantities that are themselves functions of the functions z®(};)).

A1
2°) wgj :/0 (sziu + Qug; + Q%) d,

. 4
4The partial derivatives of the function 2 with respect to the variables z* are known directly because gzl = —p;.
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where

r 8Q: t 8Q T
sij — sti+_wsi+
oop Tt opj

o0,
8p2 ’

is a polynomial of the functions wg,wgi,pi,yg, zf,ygh,zgh as well as of the values on Yy of the
coefficients AM Bg)‘ and of their partial derivatives with respect to the z up to the orders three
and two, respectively.

The first and second partial derivatives of the w” with respect to the variables x? are expressed
by means of the functions 2 (with the help of the coefficients AM and of their first partial
derivatives), pi,y;., z;», y;»h, z;.h,wg,w;» and wy,;.

Summary. We have shown that the auxiliary functions o} exist and admit within V' of first
and second partial derivatives with respect to the variables z* under the following assumptions:

(1°) The coefficients AM and B7* have partial derivatives continuous and bounded up to the
orders four and two, respectively, within the domain D containing V.

(2°) The integral equations for the unknown functions 2%, p; and w’ have a unique, continuous,
bounded solution and admitting within V partial derivatives with respect to the p{, continuous
and bounded up to the second order. This result can be proved by assuming that the partial
derivatives of order four and two, respectively, of the functions AM and B verify some Lipschitz
conditions.

The functions o7 and their first and second partial derivatives with respect to the z? are then
expressed only through some functions X and 2, X denoting any whatsoever of the functions
iyl 2 Yl 2l Ul s Zs and w any whatsoever among the functions w?, w?;, W,

s '
The functions X and (2 satisfy integral equations of the form

A1
0

A1
Q- / F(X, Q)dA + o,
0

where Xy and €y denote the given values of the functions X and €2 for A; = 0.

E(X) is a polynomial of the functions X and of the values on ¥ of the coefficients AM and of
their partial derivatives up to the fourth order (functions of the functions z%).

F(X,Q) is a polynomial of the functions X and €2, and of the values on ¥ of the coefficients
AM BT and of their partial derivatives up to the orders three and two, respectively.

11 Studies of the behaviour in the neighbourhood of the
vertex of the characteristic conoid

We are going to study the quantities occurring in the integrals of the fundamental relations (6.1),
and for this purpose we will look in a more precise way for the expression of the partial derivatives
of the functions o and w’ with respect to the variables z° by means of the functions X and €.
The behaviour of these functions in the neighbourhood of A\ = 0 (vertex of the characteristic
conoid Xy) will make it possible for us to look for the limit of equations (6.1) for n = 0: the
function 2*(\1, A2, A3) being, within the domain A, a continuous function of the three variables \;,
n = x* — 2§ tends actually to zero with \;. We will provide the details of the calculations, that
we will need in the following, when we will try to solve the system of integral equations obtained.

We will use essentially in the studies of the behaviour in the neighbourhood of A\; = 0, the
following fact which results from the assumptions made and from the equations verified by the
functions y}, y§h, yéhk, wi; and Wi

. Y5 Yin  Yink Wl Waij
The functions SVRIS VR VRt d S

within the domain V. We will denote any whatsoever of these functions by X and Q.

are continuous and bounded functions of Aq, A2, A3

13



12 Behaviour in the neighbourhood of \; = 0 of the deter-
minant A and of its minors

(1°) We have already shown (Sec. 9) that the quantity % is a polynomial of the functions X (here
1

p; only), X (here ;’—Jl only), of the coefficients AM and of the sin \,,, cos A, (u = 2,3). It is therefore
a continuous bounded function of A, A2, A3 within V. We have seen that the value of this function
for \y =01is

A .
)\lllgo )\—% = —sin As.
In the neighbourhood of A; = 0 the function %, which will occur in the denominator of the

quanties studied in the following, is # 0, but for /\; =0 or A2 = w. To remove this difficulty we
will show that the polynomial A is divisible by sin A2 and we will make sure that the function

D= )\QTAHAQ appears in the denominators we consider.
Z
Let us therefore consider on the conoid ¥ the following change of variables:
wi = Ml (12.1)
We set 0 0 0
D( ) b1 . P2 . p3 .
d= P, f2, H3) det /\1% /\12% )\1(‘;’% = A2sin Ay
D(A1, A2, A3) N opl ) 08
1axs Moxs axs
and
A= D(xl,x2,x3).
D(A17 )\27 )\3)
Since
D(xla an a:,B) _ D(xla 127 xS) D(:uh M2, /.Lg)
D(A1,A2,A3)  D(pa, p2, piz) D(A1, Az, Az)
we have

A = D)2 sin Ay, (12.2)
where the determinant D has elements

oz’ da' M ox' 9p O\,
8uj N 8)\1 8,uj 8p2 8/\u 8uj '

It results directly from the equalities (12.1) and from the identity ), u? = A} that

0
O\ — 0 and Op, 1 Opn

T R ) WD VI

On the other hand we have
oM % Oy, Opp h

Op; 0N Oy 0Ny

The elements of D are therefore

ox' ; Y
— Tip0 1 Jh(sh _ 0,0
o p; + )\1( = Diph)

The polynomial )\—% is therefore divisible by sin Ay, the quotient D being a polynomial of the
1

same functions X, X as /\% is of sin A\, cos \,, (or, more precisely, of the three p?).

14



D is a continuous bounded function of A1, Ag, A3 within V' whose value for Ay = 0islimy, .0 D =
—1. As a matter of fact:

lim 2% 050 gt 4 000 — gt
A —0 O R v J
Remark. )\—A% being a homogeneous polynomial of the second degree of the functions %, the
same is true of the polynomial D, and the quantity A2D is a polynomial of the functions X (p; and
y!), of the coefficients AM and of the three p?, homogeneous of the second degree with respect to
the yf . One can easily verify these results by evaluating the product DTd™ where

0 0 0
plo p20 pgo
9 o o
+ opy 0Py OP3 | _
d - det akg akg akg - ?
Op;  Opy,  Ops 1

O3 O3 O3

and where DV is the determinant whose elements are
T'p§ — y3,(87 — pjp})-

One finds
DTdT = A,

the quantity A2 D = D™ possesses therefore the stated properties.

The polynomial D 1is, in absolute value, bigger than a number assigned in a domain W: D is
actually a continuous and bounded function of A; in the domain A (where Ay and A3 vary over a
compact) which takes the value —1 for A\; = 0. There exists therefore a number 5 such that, in
the domain As, neighbourhood of A; = 0 of the domain A, defined by

Al <eg, 0< A <, 0< A3 <27,

one has for example
1 1
ID+1| < 3 therefore |D| > 3

We will denote by W the domain of ¥y corresponding to the domain As.

(2°) Behaviour of the minors of A.

(a) Minors relative to the elements of the first line of A: Al is, as A itself, a homogeneous
Al
AT

polynomial of second degree with respect to the functions y{, and is a polynomial of the

functions X (p;), X (g—i), of the coefficients [A*] and of sin \,,, cos \; it is therefore a continuous

and bounded function of A\j, A2, A3 in V.

1
In order to study the quantity AA’ = gi% , which will occur in the following, we shall put it in

the form of a rational fraction with denominator D (# 0 in W).

We have . )
VAY: (9)\1 8/\1 8uj ODJ‘
A~ 0z opox DD (12:3)

(one has denoted by Df the minor relative to the element g‘TT; of the determinant D).

1
The quantity AAi is therefore a continuous and bounded function of the three variables A1, Aa, A3

in W. Let us compute the value of this function for A\; = 0, one finds

1

li i — _p0
Moo A Pe
a result that one might have expected. Indeed:
ozt

. 1
lim - = lim —
a—0 Ozt x—0 02t

15



4
or one has constantly, over X, % = —p;.
Remark. One deduces from the formulas (12.2) and (12.3) that
A} = \sin )\gp(;D{.

One then sees that the quantity )\%p(J)D{ is a polynomial of the functions p;, yf , of the coefficients

[A*] and of the three p%, homogeneous of second degree with respect to the 7.
(b) Minors relative to the second and third line of A: A} is a polynomial of the functions
X (pi,yl), [AM] and of sin A, cos A, homogeneous of first degree with respect to the functions y; .

’ is a continuous and bounded function of A1, Ag, A3 in V.

o Opp A
Let us study the quantity A One has

Op D7 _ Oph Au _ 1 Opn 0Xa Oy _ i((sh _pro)_g
ONu AN 0N, Ot AN ON, Opy Ozt N0 TITh D

u
i

0
We see that the quantity A\q % AA is a rational fraction with nonvanishing denominator (in the

domain W) of the functions X (p;), X (%) , [A*] and of the three p?. It is therefore a continuous

and bounded function of Ai, Ao, A3 in the domain W; the value of this function for \; = 0 is
computed as follows. One has on one hand

gzt ox" Op) _ ,0p)

VR ) W R W

__9

h ap°
from which lim iai = 5" b

A—0 A OAy W )
One knows on the other hand that

AF 0Ny
A Ozt
from which lim A 8—172&? = — lim 8_a:h8/\u = 0"+ lim 8_xh%
M—0 T A a—00X, Ozt b NS0 9N 02t
from which eventually
. ap), A h 0,0
i N 55 i = =00 ol

Remark. By a reasoning analogous to the one of previous remarks, one sees that the quantity
A1 (5? — p?p%)Dg is a polynomial homogeneous of first degree with respect to the y?, of the functions

X (pi,yl), [AM], ).

13 First derivatives

The first partial derivatives of an arbitrary function ¢ satisfy, in light of the identity (10.1) and of
the results of the previous section, the relation

8<p:8_gpp?D§ i%(h_prO)D_g
dxi O\ D N op) i TIThIpr

Let us apply this formula to the functions p9 and X:

9pj, L ch 0,0 Dzj
0z~ O T PP
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Apn pQDj

ozt D
8yh kP Dj 1

J

D’

DJ

ko sh 0,0y

gri  ThT R +)\1yhl(6j PP)D
j J

D

D
(5 — pIph)

(13.1)

ozF oD 1 D!
G = Ryp) Pi Ty +)\_Zhl(5 p]pz)

These equations and the analogous equations verified by

8y’,jl 8z,§l ow? Owl;
Oxt’ Ozt Oz’ Ozt

show that the quantities

oph il I 1% Ozfy and Oyl O Owg  dwg;
Oxt’ " Ozt T 0xt’ T Ozt Oxt’ Oxt’ Oxt’ Oxt
are rational fractions with denominator D of the functions
8AA,u, 82A>\/}.
P?
Oz } [8xa8x5] !

/\1 )\1

X7X7Qa()7 [AAIL]’ |:

These are bounded and continuous functions, within W, of the three variables A1, Ao, A3.

14 Derivatives of the functions o},

We will use in the study of partial derivatives with respect to z* of the functions o7, of the partial
derivatives of polynomials considered in the remarks of Sec. 12: A7 D, )\%png and \q ((5h —pjph)Dj
are polynomials of the functions X (p;, yf ), [A*], p?, homogeneous of degree 2, 2 and 1, respectively,
with respect to the yf . The previous results and the identity (10.1) show then that the quantities

1 0 1 2 0j
A_l_axi( D), ™ = (A1p; D7),
9 j
8xl()\1(5 —p)py) DY)

are rational fractions with denominator D of the functions

S I HAM
X(pif, 20), X | Y Yin ) 1 qoe 0
(p7y7,azz)’ ()\1’ )\1 ,[ ]7 axa ’pl

They are therefore continues and bounded functions of A1, As, Az in W.
In the study of second partial derivatives of the function o with respect to the x* we will use
2 2
the second partial derivatives 883981'3). Let us first remark that the first-order partial derivatives
of A2D can be written

OND) _ Py
ort XD’

where P; is a polynomial of the functions

S § HAM
X(pivyl 4, ), [AM], [ } 2

ox®

whose terms are of the third degree at least with respect to the set of functions yf , yfh As a matter

. PN
of fact, the partial derivatives 52%

(by multiplying denominator and numerator

17



of the second members of the equations by A?) in form of rational fractions with denominator A2 D
and whose numerators are polynomials of the functions

S HAM
AL 0
X(piyyf,zf), [A ! ]a {W} 7pi
. k
whose terms are of first degree at least with respect to the !, and the partial derivatives ZZ’{ can

be put in form of rational fractions with denominator A\? D and whose numerators are polynomials
of the functions

S ) AN
Xy, 21l AV, [ ] 2

oza
homogeneous of second degree with respect to the set of functions y?,y};k. The polynomial \?D

being homogeneous of first degree with respect to the yf , its first partial derivatives have for sure
the desired form
Let us then consider the second partial derivatives:

(D)2 oz

Oxidxi — M\D ozt

It turns out from the form of the polynomial P; and from the results of Sec. 12 that:
(1) % is a polynomial of the functions
1

o J J HAM
X (p; i i) X Y Yin A 0
(p ayzyzzyyhk% </\1’ /\1 7[ ]’ 81‘01 7pz

(2) Xlg' gP L is a rational fraction with denominator D of the functions
1

xt

X(ph yza ZZ; yikv Zghvyghk)a X <

£ s o, [E20]
AN AN R 2T el

9*(\iD)

sara are therefore rational fractions with denominator D? of the functions we

The derivatives
have just listed.

15 Study of ¢ and of its derivatives

1

*. We have therefore, by virtue of

sin Ao
A

(1°) The auxiliary function o has been defined by o =

the equality (12.2),
1

0= —7.
ATD|z

1
1
DIz

One deduces that, in the domain W, the function oAy = is the square root of a rational

fraction, bounded and nonvanishing, of the function
it is a continuous and bounded function of the three variables \;, whose value for A\ = D is

lim oAy = 1. (15.1)

A1 —0
(2°) The first partial derivatives of o with respect to the x* are

do o 1 o(\2D)

dxi ~ 2X2D  dx

18



One concludes that, in the domain W, the function

2 0o oA 1 9(\D)

Yoxi — 2D X O

is the product of the square root of a nonvanishing bounded rational fraction with a bounded

rational fraction of the functions X, X, [AM], [%} ,pY. Tt is a continuous and bounded function

of A1, A2, Az of which we are going to compute the value for \; = 0.

The identities E?TG =T g; and 8” = %Lyh show that the functions )\% g)\ and )‘18 o are
continuous and bounded in W. We can therefore on the one hand differentiate the equality ( 15.1)
with respect to pY, we find

Jdo
li — =
fypuer) A opY 0
on the other hand we can write 2(022)
o
=2\ A2
O 10+ A 8)\1
and a( )\2)
. OAY
AT e
from which %
2 . _
11190)\1 N )\11190)\10 =L

In order to compute the value for Ay = 0 of the function /\1 5o We shall use the identity

2aam+ do AapgAg
Yox, & "o Mo, A

)\2 60

=A
Lozi —

from which, in light of the previous results (Sec. 12),

. Jo
)\11190 A i Y. (15.2)

(3°) The second partial derivatives of o with respect to the x* are

0?0 _ o 1 82()\%D)_ 1 8_08()\%D) o 9(\ID)9o(\2D)
Oxidzd — 2M\D Oxidxi  2X2D0xi  Oxt 2(02D)2 9zt Qa9

(a) It is easily seen that in the domain W the function A3} % is the product of the square root
of a nonvanishing bounded rational fraction with a bounded rational fraction (having denominator
D*) of the functions

5 AL 2 A
X, X, [AM], [“ ] [M }p?

Ox® 0x*dxb

It is a continuous and bounded function of the three variables \;. We are going to compute the
2

value for \; = 0 of the function A3 Zz o 3—7; whi, only, we will need: the second derivatives of

o do not occur actually in the fundamental equations except for the quantity [A%] Bt é;j and one
has

0%c 0%c
17 _ 3
)\1119 [A ]/\18 o0 )\IHO/\ z; —8;51'2.

We will evaluate this limit as the limit (15.2). We shall find on the one hand, by differentiating

the equality (15.2),
0 (0o .
lim A7 - | =3,
AT 50 <a ) h
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on the other hand

0 300\ 0o 3 0 (0o
N (A o ) N o z“laxl (aﬂ)’

0 do oo
im A3 s 912 _ .0
i, A Lor, (axi> - A111m~0< 2Alaxi) Pi-

We find therefore, by using the identity

3

5 0%0 . 0 (0c\ Al . 0 (0o 0p) A¥
3 _ 13 [ 3 h [
;Alaxﬂ Alaxl( > H_O( )_

from which

and the results of previous paragraphs, that

lim ZA360 —0.
=1

A1—0 4 8 7

Let us show that the function A\}[A%] 85,;25%7 is a continuous and bounded function of the three
variables \;, in the neighbourhood of A; = 0 (which will make it possible for us to prove that the
quantity under the sign [ f J (6.1) is bounded in W).

We have seen that A} 8? 527 [A%] is the product of a square root of a nonvanishing bounded ra-

tional fraction (%) with a rational fraction having denominator D*, whose numerator, polynomial

of the functions HA> 92 AN
o H
v Ap 0
X, X, [, [ Oz ] {8%*83:5}

vanishes for the values of these functions corresponding to Ay = 0. We have

% by DA 92AM 0
)\%[Aij]afjng _ P(X,X7 [AM], [ cl’a;: } ) |:8m‘18r1:ﬁ:| ’pz) |Dl|§

B 8AA,u, 82A>\/}.
Py =P | Xo, Xo, +6% O) =o0.
0 < 0520, )\7|:axa :|07|:8xa8x5:|07p1,) 0

with

We then write:
820' _ P - P() 1

3 Aij i =
MY g 00 = D |D|z

(15.3)

By applying the Taylor formula (for P) one sees that the quantity (15.3) is a polynomial of the
functions X — Xo, X — X, AM + 0§ ..., whose terms are of first degree at least with respect to the
set of these functions.

To show that A}[A%] agza‘gj is a continuous and bounded function of Ai, A2, A3 in the domain
W, it is enough to show that the same holds for the functions

B 92 ANE 52 AN
X—Xo X—Xo [AAM] - 5}); [8m”8wﬁ:| - |:8w‘189:ﬁ:|0
Al 3 Al ) Al 90t Al M
The functions X verify
A1

0

X XIXO is therefore a continuous and bounded function of the A; in V:

X — Xo| < M M. (15.4)
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The coefficients A possessing in (D) partial derivatives continuous and bounded up to the
fourth order with respect to the z%, the z¢ fulfilling the inequalities (15.4), we see that

aSA)\u aSAAu
AM] 458 < MA, ., — <\ A. 15.5
(AT £ <M {8%*8#383:7] [8$a8x58x7]0 = (15:5)
Let us consider £ XIXO . The corresponding X functions are yf , yfh , yfh  which verify the equation
A1
X = E(X)dA,
0

E(X) being a polynomial of the functions X, of the AM and of their partial derivatives up to the
third order

o A)\/l. 83 A)\/l.
[ Oz ] T QrdaP oz
We have \
Jo (BE(X) — E(X)o)d\
2 '
1
The Taylor formula applied to the polynomial F shows that F(X)— E(X) is a polynomial of the
functions

XXy =

aBAA,u,
Xo, 08, ., | —————
0,03+ [8x0‘8x58;ﬂ]0

and of the functions

93 A O3 A M
_ Ap) _ SH —
X X07 [A ] 5}\7"" ({axaaxﬁaxV] {8x0‘8:€f83$7]0)

whose terms are of first degree at least with respect to this last set of terms. o
All these functions being bounded in V' and satisfying (15.4) and (15.5) we see easily that X;—1X°
is continuous and bounded in V.

The function A\3[A%] 8326‘;_7. is therefore continuous and bounded in W.

16 Derivatives of the w!

We are going to prove that the first and second partial derivatives of the w” with respect to the
are, as o and its partial derivatives, simple algebraic functions of the functions X and (2, X and
Q, and of the values on the conoid X of the coefficients of the given equations and of their partial
derivatives.

(1°) The first partial derivatives of the w” with respect to the x' are expressed as functions of
their partial derivatives with respect to the \;

ol dwl N

X)) VIV NN
therefore ' . 0 os
A" . PD! W, (0% — PYP))DY]
s —(Qr [ A o B Bl VA By 16.1
St = (@il + Qup) S + SR (16.1)

The first partial derivatives of the w” with respect to the z° are therefore rational fractions
with denominator D of the functions

J T Al
o [ % y_z A [ Ysh Ap 0A SA 0
X(P17y7,)7Q(ws);X <)\1> 79(—)\1 ) ,[A ], [—axa ,[B ]andR.
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These are continuous and bounded functions in W.

(2°) We will compute the second partial derivatives of the w” with respect to the z* by writing
dwl P

The equality (16.1) and the remarks of Sec. 12 show that P is a homogeneous polynomial of
second degree with respect to the set of functions y/,w’. We have, by differentiating the previous

equality,

Ow?l .
Her 1N the form

w1 9P, P, 9(\D)

dxidxi  XNDoxi  (A\32D)2 Oxi

82wr
Bz 0x7

oo oy [0AMT] [ @AM 9B
X;Q7Xvﬂa [AM ]7 |: oxr® :| ’ {333“83?5} [Br)\]7 |: oz~ :| .

These functions \; are rational fractions with denominator D? of the functions

(The results of Sec. 12 make it possible actually to prove that % and )\%% are a polynomial
2 T

and a rational fraction, respectively, with denominator D, of these functions.) These are therefore
continuous and bounded functions in W.

17 C. Kirchhoff formulas

We can now study in more precise way the fundamental equations (6.1) and look for their limit as
71 tends to zero.
These equations read as:

/ /v / ()L} + o3[ f,))da da? da®

+ / Eécos(n,xi)dS’z// E' cos(n, x%)dS. (17.1)
So S,

Integral relations involving the parameter \;. We have seen that the functional determinant

D = géi)) is equal to —1 for A\; = 0. The correspondence between the parameters z* and Aj is
J
therefore surjective in a neighbourhood of the vertex My of ¥j. One derives from this that the

correspondence between the parameters 2° and Aj is one-to-one in a domain (A), defined by
N< A <e3, 0< A <m, 0< A3 < 27,

where €3 is a given number and where 7 is arbitrarily small.

To the domain (A), of variations of the A; parameters there corresponds, in a one-to-one
way, a domain W, of ¥y. We shall then assume that the coordinate z§ of the vertex My of %
is sufficiently small to ensure that the domain V,, C V, previously considered, is interior to the
domains W and W,. We can, under these conditions, compute the integrals by means of the
parameters \;, the integrals that we are going to obtain being convergent.

5

18 Calculation of the area and volume elements

First, we have
dV = dz' dz? dz? = d)\y d)hs d)s.

Let us compute now dS and cos(n, x?).

5Because the correspondence between (x#, A2, A3) and (A1, A2, A3) is one-to-one.
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The surfaces Sp and S, are z* = ¢ surfaces drawn on the characteristic conoid Xy. They

therefore satisfy the differential relation
pi dz' =0,

from which one deduces i
(]
1
(>-p7)e
In order to evaluate dS we shall write a second expression of the volume element dV in which the
surfaces S(x% = ¢*) and the bicharacteristics (where only \; is varying) come into play

cos(n, z%) =

dV = cosv |T|2d); dS,

where |T|%d/\1 denotes the length element of the bicharacteristic, and v is the angle formed by the
bicharacteristic with the normal to the surface S at the point considered.
A system of directional parameters of the tangent to the bicharacteristic being

"= [AM]p; + [AM],
we have ) ‘
cosv |T|2 = {[AM]p; + [A"]} cos(n,z"),
from which, by comparing the two expressions of dV/,

; ApidAa d)3 —Ap;
cos(n, z")dS = - = dAa d:
( ) [Ahj]pjph + [Ah4]ph [A44] [Aj4] 2 3.

19 Limit as 7 — 0 of the integral relations

The integral relations (17.1) read, in terms of the \; parameters, as

// /([ur]L’; ol [f,])dA dAo dAs
2m i Apz
/ / [A%4] + [A#4]p; T T 2 lat=0 dA3

2m
Ei N p;
/ /{A44 A, }TUO | A ds (19.1)

The previous results prove that the quantities to be integrated are continuous and bounded
functions of the variables A;. They read actually as:

, A PVANN ¥
AQ{[UT]L +og [fr]} )\2 and /\2 e)\g Ti

E! and L” being given by the equalities (5.2), the quantities considered are continuous and
bounded in W if the functions w, and g“; are continuous and bounded in D.

The two members of equations (19.1) tend therefore towards a finite limite when 7 tends to
zero. The triple integral tends to a finite limit, equal to the value of this integral taken over the
portion Vy of hypersurface of the conoid X in between the vertex My and the initial surface z* = 0
(because this integral is convergent). Let us evaluate the limit of the double integral of the second
member. The results of Sec. 15 show that all terms of the quantity A?E? tend uniformly to zero

with A;, exception being made for the term

» 00

ARl 5
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whose limit for A\; = 0 is
[U’T (xO )]6J59p] = Us (xO )po

From which: ,

lim EZ A Pi

im — =
M—0 [A4] 4+ [AH]p;

The second member of equations (19.1) tends therefore, when 7 tends to zero, to the limit

—ug(x ) sin Ag.

27
/ / us(xf) sin Ao dAg dAs3 = dmus(zf).
o Jo

20 Kirchhoff formulas

We arrive in such a way to the following formulas:

drrug(zg) // / ([ur)LL 4+ oL fr]) & dA1 dAa dAs

27 7
/ /{E Apl} s d)s. (20.1)
x4=0

In order to compute the second member of these Kirchhoff formulas it will be convenient to take
for parameters, on the hypersurface of the conoid X, the three independent variables z%, Xa, As.
The equations (20.1) then read, the limits of integration intervals being evident:

27
drus(z;) / / / ([ur] L% + o fr])—dx“d)\gd)\g
g

27 7
/ /{E Apl} dhad)s. (20.2)
4=0

The quantity under sign of triple integral is expressed by means of the functions [u] and of the
functions X (A1, A2, Az) and Q(A1, A2, A3), solutions of the integral equations (1.2) and (8.1).

We shall obtain the expression of the X and € as functions of the new variables 2%, A2, A3 by
replacing \; with its value defined by the equation (2.2), function of the z#, A2, A3.

Let us point out that these functions satisfy the integral equations

“ B(X
X(Z‘4,)\2,/\3) = 1(14)d$4+X0(1‘é,/\2,)\3)

4

*F(X,Q

0t dana) = [ E et + (ot da, o)
5

The quantity under 51gn of double integral is expressed by means of the values for z* = 0 of the

functions [u] and [ ] (Cauchy data) and of the values for z* = 0 of the functions X and Q.

21 D. Summary of the results

We shall consider a system of linear, second-order partial differential equations in four variables,
of the type
AL aQUT
Oz Ozt

Ous
rA
+ By EISy

=0. (E)
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Assumptions
(1°) At the point My of coordinates z§ the coefficients A* take the following values:

A =1, At =0, AY = -4,

(2°) The coefficients A* and B7* have partial derivatives with respect to the z®, of orders
four and two, respectively, continuous and bounded in a domain D : |z¢ — 7| < d,|z*| < e. The
coefficients f, are continuous and bounded.

(3°) The partial derivatives of the A* and B7* of orders four and two, respectively, satisfy in
D some Lipschitz conditions.

Conclusion. Every solution of the equations (E) continuous, bounded and with first partial
derivatives continuous and bounded in D verifies the integral relations (20.2) if the coordinates =
of My satisfy inequalities of the form

28| < o, |zh — | < d,

defining a domain Dy C D.

22 1II. Transformation of variables

We are going to try establishing formulas analogous to (20.2), verified by the solutions of the given
equations (F) at every point of a domain Dy of spacetime, where the values of coefficients will be
restricted uniquely by the requirement of having to verify some conditions of normal hyperbolicity
and differentiability.

Let us therefore consider the system (E) of equations

9%u ou
S Br)\ T
Oz Oz + 5 ox*

We assume that in the spacetime domain D, defined by

AN

+ fs=0.

|J34| < g, |J37 - i‘1| < d7
where the three 7° are given numbers, the equations (F) are of the normal hyperbolic type, i.e.

A* > 0, the quadratic form A% X; X j negative definite.

At every point My(z;) of the domain D one can associate to the values A())‘” = AM(zg)
of the coefficients A a system of real numbers ag’g , algebraic functions, defined and indefinitely
differentiable of the Aé“, satisfying the identity

ASILXAX/L = (aéaXOt)2 - (aéa Oé)2'

We shall denote by ag 5 the quotient by the determinant ag of elements ag‘ﬁ of the minor relative
to the element ag # of this determinant. The quantities a? s are, like ag’g , algebraic functions defined

and indefinitely differentiable of the AS“ in D. (The square of the determinant ag, being equal to
the absolute value A of the determinant having elements AM | aq, is different from zero in D.)
Let us perform the linear change of variables

Yo = agﬁ zP.

The partial derivatives of the unknown functions u, are covariant in such a change of variables,
hence the equations (F) read as

0%u ou
A *o 3 s BXre s s 0 221
Ay>oyP 5 Oy~ J: ’ ( )
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with
AP = Ax”ag)\a%“, B = nga?m. (22.2)

The coefficients of equations (22.1) take at the point My the values (1.4). As a matter of fact:
A;aﬁ AAM OAG’,BH —a,())\a,gu 3)\046” + 2@0 éu 3)\0,,8H (5,8 + 264 56’

hence one has 4 N ‘
A*44 _ 1’ A*1,4 _ 07 AT = _5j

K3

We can apply to the equations (E), written in the form (22.1), in the variables y* and for
the corresponding point My, the results of part I. Let us first point out that the integration
parameters so introduced will be y%, X2, A3 but that, the surface carrying the Cauchy data being
always z* = ag*y* = 0, the integration domains will be determined from My and the intersection
of this surface with the characteristic conoid with vertex My. We see that it will be convenient,
in order to evaluate these integrals, to choose the variables y“ relative to a point My whatsoever
in such a way that the initial space section, * = 0, is a hypersurface y* = 0. It will be enough
for that purpose to choose the coefficients aaﬁ (which is legitimate) in such a way that one has

= 0. We shall then have

1 1
0 _ 0 _ 44y—1 0,4
ag; =0, a44—a44—(A0) 2 and Yy = ayyx”,
0

where aJ, is a bounded positive number.

23 Application of the results of part 1

The application of the results of part I proves then the existence of a domain Dy C D, defined by
|zd| < e (which implies at every point My € Dy, |yg| < 1) such that one can write at every point
My of Dy a Kirchhoff formula whose first member is the value at M of the unknown wug, in terms of
the quantities y§ = a2 Bxg , and whose second member consists of a triple integral and of a double
integral. The quantities to be integrated are expressed by means of the functions X (y*, A2, A3, US)

representing (y*,p;, v, 2], ... zk”) and Q(y*, A2, \3) (w7, -y, Wg;;), solutions of an equation of the
kind
y* y*
X :/ E*(X)dy* + Xo, Q :/ F*(X,Q)dy* + Qo, (23.1)
Y5 Yo

where the functions E* and F* are the functions E and F' of Chapter I, but evaluated starting
from the coefficients (22.2) and from their partial derivatives with respect to the y®, and where
0, Xo denote the values for y* = y¢ of the corresponding functions 2, X.

In order to obtain, under a simpler form, some integral equations holding in the whole domain
Dy, we will take on the one hand as integration parameter, in place of y*, * (which is possible, a3,
being at every point My of Dy a given positive number), we shall on the other hand replace those of
the auxiliary unknown functions X which are the values (in terms of the three parameters) of the
coordinates y® of a point of the conoid X of vertex My, with the values of the original coordinates
x® of a point of this conoid.

We shall replace for that purpose those of the integral equations which have in the first member
y® with their linear combinations of coefficients agﬁ (bounded numbers), i.e. with the equations
of the same kind

aB B _ o _ ; O‘ﬁT o 0d4 a
Ao Yy == [ Gy g G4e0T + g,
T

and we will replace the quantities under integration signs of all our equations in terms of the =
in place of the y? by replacing in these equations the y” with the linear combinations ag 5T (the
ag are bounded numbers).
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The system of integral equations obtained in such a way has, for every point My of the domain
D, solutions as for the previous system, solutions which are of the form

X($8,$4, /\2,)\3).

24 Summary of results of chapter I
We consider a system of linear, second-order partial differential equations of the type

0%u + B Ou,

AN ——
Oz Oz s Oz

+f=0. (E)

Assumptions
(1°) In the domain D, defined by

Y] <e, |o' = &' < d,
the quadratic form A* XX, is of normal hyperbolic type:
A* > 0, the quadratic form A% X; X ;j negative — definite.

(2°) The coefficients A* and B7* have partial derivatives with respect to the z® continuous
and bounded, up to the orders four and two, respectively, in the domain D.

(3°) The partial derivatives of the AM and B’* of orders four and two, respectively, satisfy,
within D, Lipschitz conditions.

Conclusion. Every solution of the equations (E), possessing in D first partial derivatives with
respect to the z continuous and bounded, verifies, if 2§ are the coordinates of a point My of a
domain Dy defined by

lzg] <eo <e, |z — 7' < do < d,

some Kirchhoff formulas whose first members are the values at the point Mj of the unknown func-
tions u, and whose second members consist of a triple integral (integration parameters z*, A2, \3)
and of a double integral (integration parameters A2, A3). The quantities to be integrated are ex-
pressed by means of functions X (z§, %, A2, A3) and Q(z§, 2%, A2, A3), themselves solutions of given
integral equations (23.1), and of the unknown functions [us]; the quantity under the sign of double
integral, which is taken for the zero value of the z* parameter, contains, besides the previous func-
tions, the first partial derivatives of the unknown functions [g;‘w] (value over Yo of the Cauchy
data). We obtain in such a way a system of integral equations verified in Dy from the solutions of
the equations (E). We write this system in the following reduced form:

$4
X:/ E dz* + X,
x4

0 2m s 27 ™
47U = / / / H da* dXa d)s3 —|—/ / I dX\s d)s.
xzg JO 0 0 0

CHAPTER II

1 Nonlinear equations

We consider a system (F') of n second-order partial differential equations, with n unknown functions
and four variables, nonlinear of the following type:

D*W,
AMW +fi=0,5s=1,2.4, \p=1,2..n.
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The coefficients AM and f, are given functions of the four variables z®, the unknown functions
W, and of their first derivatives g%.

The coefficients AM are the same for the n equations.

We point out that the calculations, made in the previous chapter for the linear equations
(E), are valid for the nonlinear equations (F'): it suffices to consider in these calculations the
functions W, as functions of the four variables x%; the coefficients AM and f, are then functions
of these four variables and the previous calculations are valid, subject of course to considering in
all formulas where there is occurrence of partial derivatives of the coefficients with respect to x®

these derivations as having been performed. One will have for example

oA AN OW, A o (oW,
oz OW, dz> = O(OW,/0xP) dz> \ 0zP )’

By applying the previous results one would prove that, under certain assumptions, the solutions
of equations (F') satisfy a system of integral equations analogous to (I), but whose second members
contain, besides the auxiliary functions, the integration parameters and the unknown functions,
the partial derivatives with respect to the x® of these unknown functions (because the equations
(I) involve the derivatives of the coefficients AM, up to the fourth order, with respect to the 2®).

Thus, we do not apply directly to the equations (F') the results of previous chapters; but we
are going to show that, by deriving suitably five times with respect to the variables ¢ the given
equations (F'), and by applying to the obtained equations the results of chapter I, one obtains
a system of integral equations whose first members are the unknown functions W, their partial
derivatives with respect to the x® up to the fifth order and some auxiliary functions X, (2, and
whose second members contain only these functions and the integration parameters.

2 Differentiation of the equations (F)

We assume that in a spacetime domain D, centred at the point M with coordinates z*,0 and
defined by ‘ A
2" -7 < d, |2t < e

and for values of the unknown functions Wy and their first partial derivatives satisfying

— oW,  OW,
|W9 - We| S l7 8{Ea - 8{Ea S l (21)
(where W, and ‘?)Z[is are the values of the functions Wy and ‘?)Z[is at the point ) the coefficients

AM and f, admit of partial derivatives with respect to all their aguments up to the fifth order.
We shall then obtain, by differentiating five times the equations (F') with respect to the variables

x®, a system of N equations (N is the product by n of the number of derivatives of order five of

a function of four variables) verified, in the domain D, by the solutions of equations (F') which

satisfy the inequalities (2.1) and possess derivatives with respect to the 2* up to the seventh order.
Let us write this system of N equations. We set

oW, W,
Bae Vo Gggar
and we denote by Ug the partial derivatives of order five of W
Wy

92992800 03 0me — Veapyse =Us, s =1,2,..N.

Let us differentiate the given equations (F') with respect to any whatsoever of the variables z,
we obtain n equations of the form
0*Wee DAM W 4 OAM OW,.,, n DAM OWy,
Oz Oxt oW,, " OW,, Oz ox® Oxr

A)\/}.
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Ofs
oW,

_|_

dfs 0 Ofs

oW, gza Vvt g = O

Wra +

Let us start again four times this procedure, we obtain the following system of IV equations:

?Wiaprs DA DA 0AM) 0
AAH sopoe ro rro a9.a ((a"s Ep
D oz | { o, Ve T g, Wrve T e } B SBden

DA DAM IAMY 0
{a—I/VTWrﬁ + WWWTV,B + W} @Wsavﬁeun'

(’9A)‘“ 6A>‘“ 814)‘” 0 814)\” 8er/a,8'y§

+ { ow, Vet gy, Vet o } P LT A e

Ofs OWirpa

#TM'FFS =0, (22)

where Fg is a function of the variables z®, of the unknown functions W, and of their partial
derivatives up to the fifth order included, but not of the derivatives of higher order.

The fifth derivatives Ug of the functions W satisfy therefore, in the domain D and under the
conditions specified, a system of N equations of the following type:

82US T\ 8UT
B
Ox Oz t5s oz

The coefficients AM, BL* and Fg of these equations are polynomials of the coefficients AM
and fs of the given equations (F) and of their partial derivatives with respect to all arguments
up to the fifth order, as well as of the unknown functions W and of their partial derivatives with
respect to the z® up to the fifth order. The coefficients A* depend only on the variables z®, the
unknown functions W and their first partial derivatives W, the coefficients B?‘ depend only on
the variables 2%, the unknown functions W and their first and second partial derivatives Wy, and
Wsaﬁ-

Ap

+ Fs =0. (2.3)

3 Application to the equations obtained of the results of
chapter I

We consider the equations (F') as a system of N linear equations of second order, with unknown
functions Ug, and we apply to these equations the results of the previous chapter. We shall obtain
a system of integral equations whose first members will be some auxiliary functions €2, X and the
unknown functions Ug; the quantities occurring under the integrals of the second members will be
expressed by means of the auxiliary functions X, of the unknown functions Ug and of the value
for 2* = 0 of their first partial derivatives ggﬁ, of the integration parameters, as well as of the
coefficients A, BI* and Fg (viewed as functions of the ) and of their partial derivatives up
to the orders four, three and zero. AM, Bg“ and Fg not involving the partial derivatives of the
functions Wy except for the orders up to one, two and five, respectively, the second members of the
integral equations considered will not contain, besides the auxiliary functions X, 2, the functions
Us and the value for 2* = 0 of their first derivatives, and the integration parameters, nothing but
the unknown functions Wy and their partial derivatives up to the fifth order included.

Integral equations verified by the functions W, and their derivatives

If the functions Wy and their partial derivatives up to the fifth order
Wsa; Wsaﬁa 3] Weaﬂ'yée =Us

are continuous and bounded in a spacetime domain D (|2* — Z¢| < d, |2*| < &) they verify in this
domain the integral relations

Wi (2) = / Waa(a®, t)dt + Wa(a*,0)
0
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Wsagfy(; (wo‘) = / WSQQ,YM(:Ei, t)dt + Wsa,gvg(:ri, 0). (3.1)
0

By adjoining to the system of integral equations, previously considered, the system (3.1), we
shall then be able to obtain a system of integral equations, verified, under certain assumptions, by
the solutions of the given equations (F), whose second members will only contain the functions
occurring in the first members.

4 Cauchy data

We shall write this system of integral equations for the purpose of solving, for the given equations
(F), the Cauchy problem: the search for solutions Wy of the equations (F') which take, as well as
their first partial derivatives, some values given in a domain (d) of the initial hypersurface x* = 0:

WS(xia 0) = Sﬂs(xi)y

oWy, ;
St (240) = Ui (a),

where ¢, and 1), are given functions of the three variables #* in the domain (d). We will prove
that, under the assumptions stated below, the data s and 1 determine the values in (d) of the
partial derivatives up to the sixth order of the solution Wy of the equations (E).

Assumptions

(1°) In the domain (d), defined by

|xi _fi| < da

the functions ¢ and ¥ admit of partial derivatives continuous and bounded with respect to the
three variables ' and satisfy the inequalities

Odps  Ops

ozt Ozt

e =Bl <lo <1, s~ Bl <l <1, } <h<l (4.1)

(2°) In the domain (d) and for values of the functions

oW, _ OWs _ Ops
Bt = G =

WQ - @Sv

satisfying the inequalities (4.1), the coefficients A* and f, have partial derivatives continuous and
bounded with respect to all their arguments, up to the fifth order.

(3°) In the domain (d) and for the functions ¢, and s considered the coefficient A% is different
from zero.

It turns out actually from the first assumption that the values in (d) of partial derivatives up to
the sixth order, corresponding to a differentiation at most with respect to z#, of the solutions W,
of the assigned Cauchy problem are equal to the corresponding partial derivatives of the functions
vs and ¥, and are continuous and bounded in (d).

The values in (d) of partial derivatives up to the sixth order of the functions Wy, corresponding
to more than one derivative with respect to z?, are expressed in terms of the previous ones, of
the coefficients AM and f, of the equations (F) and of their partial derivatives up to the fourth
order. The third assumption shows actually that the equations (F') make it possible to evaluate,
being given within (d) the values of the functions Wy, Wi, Wi, the value in (d) of Wy, from
which one will deduce by differentiation the value in (d) of the partial derivatives corresponding
to two differentiations with respect to z%. The equations that are derivatives of the equations (F)
with respect to the variables z® (up to the fourth order) make it possible, in analogous manner, to
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evaluate in (d) the values of partial derivatives up to the sixth order of the functions Ws. It turns
out from the three previous assumptions that all functions obtained are continuous and bounded
in (d).
We shall set , 4
Wej(",0) = pg;("),
Us(z",0) = ®g(z"),
0Usg

S (@ 0) = Ws(a).

5 Summary of the results of chapter 11

We consider a system of n partial differential equations of second order, nonlinear, of the following
kind: o2
%%
AM 4 fo=0,
Ox Ozt Is

where AM and f, are functions of the W, and of their first partial derivatives, and of the four
variables z¢.

We have seen that, under the assumptions of Sec. 2, the seven-times differentiable solutions of
the equations (F') satisfy the inequalities (2.1), verify the system of N equations

AM B
8x>‘8x“+ S Dz

+ Fs =0

where Ug denotes any whatsoever of the fifth-order partial derivatives of W and where AM BIT*
and Fg are functions of the variables x®, of the functions W and of their partial derivatives up to
the orders one, two and five, respectively.

We have proved that, under the assumptions of Sec. 4, every solution seven times differentiable
of the Cauchy problem (with Cauchy data g, ;) takes, as well as its partial derivatives up to
the sixth order, some given values continuous and bounded in the considered domain of the initial
surface.

We apply to the equations (2.3) the results of chapter I and we add to the integral equations
obtained the integral equations (3.1).

Let us sum up the assumptions made and the results obtained.

Assumptions

(A) In the domain D defined by |z! —Z*| < d, |z*| < ¢ and for values of the unknown functions
satisfying

oW,

_ — oW, Ops
W =2, <1, ‘——d}s °

oxi Oz

Sly <lI:

ozt

(1°) The coefficients A* and f, have partial derivatives with respect to all their arguments up
to the fifth order continuous and bounded, the derivatives of order five satisfying some Lipschitz
conditions;

(2°) The quadratic form AM X X, is of normal hyperbolic form: A* > 0 and the form A% X, X;
negative definite.

(B) In the domain of the initial surface 2* = 0, defined by |2 — 7| < d, the Cauchy data ¢
and v, admit of partial derivatives continuous and bounded up to the orders six and five.

Conclusion. If we consider a solution Wy seven times differentiable of the assigned Cauchy
problem, possessing partial derivatives with respect to the z® up to the sixth order, continuous
and bounded and satisfying the inequalities (2.1) in D, it satisfies in this domain the equations F”.
The equations F”’, viewed as linear equations in the unknown functions Ug, satisfy the assumptions
of chapter I, and therefore:

There exists a domain Dy C D in which the functions Wy verify the following system of integral
equations.
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System of integral equations (I)
This system consists of
(1°) equations having in the first member a function X of the three parameters

4
z a)‘27>\3

(representatives of a point of the characteristic conoid of vertex My(zo)) and of the four coordinates
xf of a point My € Dy. These functions X are the functions

T ,p,Y;, Zivyihj Zih’:gihk’ Zihk

of chapter I. These equations are of the form
$4
X = / E(X)dx* + Xo,
x4

where X, value of X for 2% = 23, is a given function of z§, A, As;
(2°) equations having in the first member a function

Q(xga xéa )‘Qa )\3)

T
81

T

(functions wy, wy;, wy;; of chapter I), of the form

4
xT
Q= / F(X,Q)dz* + Qo,
5
where Qg, value of Q for 2% = 23, is a given function of g, A2, A3;
(3%) equations having in the first member a function W of the four coordinates z of a point
M € D. The functions W are the functions

Wsa Wsaa Wsaﬁa Wsa,@’ya Wsaﬁ’yé~

The equations are of the form
1'4
W= / (W, U)dz* + W,
0

where Wy, value of W for 2* = 0, is a given function of the three variables z.

(4°) equations having in the first member a function U of the four coordinates x§ of a point
My € Dy. The functions U are the functions Ug, fifth derivatives of W;. These equations (Kirchhoff
formulas) are of the form

0 27 T 271 T
U:/ / / de4d)\2d)\3+/ / I d)s d)s.
z3 JO 0 0 0

The quantities F, F,G, H, I are formally identical to the corresponding quantities evaluated in
chapter I for the equations(FE) (upon considering the differentiations with respect to the z® as
having been performed). The quantity G is a function W or U. All these quantities are therefore
expressed by means of the functions X, Q, W and U, occurring in the first members of the integral
equations considered, and involve the partial derivatives of the AM and f, with respect to all their
arguments, up to the fifth order, and the partial derivatives of the Cauchy data ¢, and s up to
the orders six and five (in the quantity I and by means of Wj).

Solution of the Cauchy problem

In order to solve the Cauchy problem for the nonlinear equations F' we might try to solve,
independently of these equations, the system of integral equations verified by the solutions (and
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to prove afterwards that this solution is indeed a solution of the assigned Cauchy problem). Un-
fortunately, some difficulties arise for this solution: we have shown in chapter I that the quantities
occurring under the integral sign (in particular H) are continuous and bounded, upon assuming dif-
ferentiability of the coefficients AM | viewed as given functions of the variables 2, these conditions
not being realized when the functions Wy, Wy, ..., Us are independent, the quantity [A%¥] #;mj&
will then fail to be bounded and continuous.

In order to solve the Cauchy problem we shall then pass through the intermediate stage of ap-
proximate equations Fi, where the coefficients AM will be some given functions of the 2%, obtained
by replacing W, with a given function Wg(l). The quantities occurring under the integration signs
of the integral equations verified by the solutions will then be continuous and bounded if the same
holds for the functions W5...Ug considered as independent. We will then be in a position to solve
the integral equations and show that their solution Wj...Ug is solution of the equations Fj, and
that Ws,...Ug are the partial derivatives of Wy; but we need for that purpose, in the general case,
to take as function Wi a function six times differentiable (because the integral equations involve
fifth derivatives of the AM); the obtained solution W, being merely five times differentiable, it will
be impossible for us to iterate the procedure. The method described will be therefore applicable
only if the A* depend uniquely on the W, and not on the W, it will then be enough to assume
the approximation function five times differentiable.

We shall describe in detail the solution of the Cauchy problem in this case in chapter III, and
we will apply it to the equations of relativity in Chapter IV.

In the general case, where AM is function of W, and W, one can solve the Cauchy problem
by passing through the intermediate step of approximate equations, not of the equations (F')
themselves, but of equations previously differentiated with respect to the x® and viewed as integro-
differential. equations in the unknown functions Wy,

CHAPTER III

1 Solution of the Cauchy problem for the case in which the
coefficients A* do not depend on first partial derivatives
of the unknown functions

We consider in this chapter a system (F') of n partial differential equations of second order with n
unknown functions and four variables, of the kind previously studied:

oW

8.29832/" +f8 :07 (G)

where the coefficients A* depend only on the variables 2% and the unknown functions W;, and
not on the first partial derivatives ‘QZV; of these functions.

The coefficients f; are functions, as previously, of the variables ¢, of the unknown functions
W, and of their first partial derivatives gzvj.

Formation of a system of integral equations verified from the solutions of equations
(G)

We shall obtain a system of integral equations verified by the solutions of equations (G) by
applying the methods used in the previous chapter for the equations of general type (F'). Let us
point out however that, in the case of equations (G), the coefficients A* not containing the first
partial derivatives ‘3‘;‘2 = Wiq, it will be enough to apply the results of chapter I to the equations
deduced from equations (G) by four differentiations with respect to the variables ® in order to
obtain a system of integral equations whose second members do not contain functions other than
those occurring in the first members. The calculations performed in Sec. 2, chapter II prove indeed

that these equations read as, by denoting with Ug any whatsoever of the fourth derivatives of the
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unknown functions Wy
ny 0?Us 4 BT oUr
Ax OxH S

AM depends only on the variables 2® and the functions Wj.

ng)‘, which is a sum of first partial derivatives of the functions A, viewed as functions of
the variables z and of first partial derivatives of a function fs; with respect to the first partial
derivatives W,, of the unknown functions, depends on nothing else but the variables x®, the
unknown functions W,. and their first partial derivatives W,

Fyg is a polynomial of the coefficients A and f, and of their partial derivatives with respect
to all their arguments up to the fourth order, as well as of the functions W and of their partial
derivatives with respect to the variables z up to the fourth order.

The integral equations (J), verified by the bounded solutions and with bounded first derivatives
of equations (G”), deduced as in chapter II from the results of chapter I, only involve the coefficients
AM and B%“ and their partial derivatives up to the orders four and two, respectively, as well as
the coefficients Fis. One therefore verifies that these equations (J) contain nothing else but partial
derivatives of the functions Wy of order higher than four.

We would face clearly, in order to solve the system of integral equations (J) directly, the same
difficulty as in the general case: the quantity H under the sign [ [ [ is not bounded in general if
Wy, Wea...Ug are independent functions. We shall be able however, in the case in which the AM
depend only on the first derivatives of the Wy, to solve the Cauchy problem by using the results
obtained on the system of integral equations verified in a certain domain, from the solutions of the
given equations (G) in a way that we are going to describe in what follows.

+ Fy = 0.

2 Plan of chapter IIT (Solution of the Cauchy problem)

A. We shall consider a system Gy, approximate version of G, obtained by replacing in AM (and

(1)
not in f4) the unknown W with some approximate values W s, satisfying suitable assumptions.
I. We will prove that the system of integral equations J;, verified by the solutions of the Cauchy
problem assigned with respect to the equations G, admits of a unique, continuous and bounded

solution in a domain D independent of I(/%/)S if one regards it as a system of integral equations with
independent unknown functions X, Q, W, U.

II. We will prove afterwards that the solutions of J; that we have found are solutions of the
Cauchy problem given for the eqyations G; in the whole domain D, and that the functions W

obtained admit of partial derivatives up to the fourth order equal to Wy,,...Ug and satisfy the same
(1) (2)
assumption as WWs. We denote these functions by Ws.

B. The solution of the Cauchy problem for the equations G defines, in light of previous results,

a representation of the space of functions I(/%/)S into itself. We prove that this representation admits
a fix point, belonging to the space. The correponding functions Wy are solutions of the given
equations (G). This solution, unique, possesses partial derivatives continuous and bounded up to
the fourth order.

3 Assumptions made in chapter I1I

(1°) In the domain D defined by , 4
2" — 7| < d, [2Y] < e

and for values of the unknown functions satisfying

oWy Ops

ows w, -
ozt oz’

ozt s

<1, <1: (3.1)

W -7 <1, \

34



(a) The coefficients A and f, admit partial derivatives with respect to all their arguments
up to the fourth order, continuous, bounded and satisfying Lipschitz conditions.

(b) The quadratic form A>"‘X>\XM is of normal hyperbolic type, i.e. A% >0, AYX;X; negative
definite.

(2°) In the domain (d) of the initial surface, defined by |z! — #'| < d, the Cauchy data ¢, and
15 possess partial derivatives continuous and bounded up to the orders five and four, respectively,
satisfying some Lipschitz conditions.

4 Approximate equations G,

We consider a system of equations approximating the system (G), obtained by replacing in the

(1)
coefficients A* (and not in f,) the unknown functions with given functions 1, which admit of

(1) 1)
partial derivatives continuous and bounded up to the fourth order (we denote them by Wsq, ..., U 5)

in the domain D: , 4
2" — 2| < d, 2! <e

and satisfy the inequalities

(1) (1)

y OWs s oWs —
B <, L R —9,| <L
Ws=9s| = ox? ox? Ox?t v
We write the system obtained:
Wy, 0*W, B
4 Oz Oxt +1=0 (G1)

A solution W7, six times differentiable and satisfying the inequalities (3.1), of the equations
(G1) verifies therefore, in D, the following equations:

W,, Us W00 ()
AN et B 55 T Fs =0. (Gh)

One sees easily, by virtue of formulas analogous to the formulas of chapter II, that

(1) (1)
(1°) A™ is a function of the variables z® and of the unknown functions W ;

¢9)
(2°) BL* is a sum of the following functions:

)
(a) first partial derivatives of the A* viewed as functions of the variables z® (hence as functions

(1) (1)
of the variables ® and of the functions W and Wsa);

(b) first partial derivatives of a function fs with respect to the functions W, (hence of the
functions of %, W, and Wy,).

(1) (1)
(3°) Fs is a polynomial of the coefficients A** and f, and of their partial derivatives with

(1) (1)
respect to all their arguments up to the fourth order, as the functions W and W, and of their

partial derivatives with respect to the % up to the fourth order.

5 Application of the results of chapter I

The coeflicients of equations (G ), viewed as linear equation of type (E) in the unknown functions
Usg, satisfy in the domain D the assumptions of chapter I. There exists therefore a domain Dy C D
in which the fifth derivatives Ug of a solution W of the given Cauchy problem, which possess
partial derivatives continuous and bounded up to the sixth order and satisfy the inequalities (3.1),
verify some Kirchhoff formulas, whose first members are the values at the point My € Dy of these
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functions Ug. These equations, together with the integral equations having in the first member
some auxiliary functions X and €2, and with some integral equations analogous to (3.1) of chapter
I1, form a system of integral equations that we denote by J;.

6 System of integral equations J;

Let us consider (independently of the initial equations G1) the set of integral relations J; as a
system of integral equations with four groups of unknown functions X, Q, W and U. The system
consists of the following four groups of equations:

(1°) Some integral equations having in the first member a function X of the four coordinates xf
and of three parameters z*, A2, A3 (functions corresponding to the functions z', p;, v/, ...2J,, which
define the characteristic conoids). These equations are of the form

X(xg;a:4, A2, A3) = / E ds* + Xo(xg,xg, A2, Az). (1)

Xy is a given function. (For ¢, p;, yf the values of X are x{, p?, 0... respectively).
F is a rational function with denominator

1) .
T*4 _ A*44 + A*z4pi
of the following quantities:
1)
(a) coefficients A and their partial derivatives with respect to all their arguments up to the

(1) ,
fourth order (functions of W(z®) and x® where z* is replaced by the corresponding X function),

function I(/%/)s and partial derivatives up to the fourth order;
(b) functions X;
.. (1)0 (1)()/6 . . . (1))\1.
(c) quantities a4 and a'y”, algebraic functions of the values of the coefficients A for the
values z§ and I(/%/)g(a:g‘) of their arguments.
(2°) Equations having in the first member a function (2 of the z§ and of the parameters 24, Ao, A3

. . r oo .
(functions corresponding to wf,w?,, wsij). These equations are of the form

Q:/ F dz* + Qy, (2)

T
510

T

where () is a given function (for w{,wy;,wy;; the values of Qg are dy, 0,0, respectively).

(1) .
F is a rational fraction (with denominator T** = A** + A*™p,) of the following quantities:
1) 1)
a) coefficients A and BL* and partial derivatives with respect to all their arguments up to
5

1)
the orders three and two, respectively (i.e. coefficients A, f,, and their partial derivatives up to
the third order);

(1)
(b) functions Ws(z®) and their partial derivatives up to the third order and functions
Wia(z), Wisap (%), Wsapy (%)

(functions W (x®)). The 2% are always replaced by the corresponding functions X;
(c) functions X and Q;

1 1
(d) quantities (a)gﬁ and (a)gﬁ )
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(3°) Equations having in the first member a function W of the four coordinates x®. These
equations are of the form

W(a®) = /0 G da + Wo (). ()

Wy denotes a given function. (For the functions Wy, W,... the values of Wy are @q, s, -..),
respectively).

G is a function W or a function U.

(4°) Some Kirchhoff formulas, having in the first member a function U of the four coordinates

g
0 27 T 2 ™
47rU(x8‘):/4/ / H da* d) d>\3+/ / T dho dNs. ()
«tJo  Jo o Jo

(a) H is the product of the square root of a rational fraction with denominator D* (polynomial

of (;1))‘”, X, X and p?) and numerator 1, with the sum of the two following rational fractions:

(1) A rational fraction H, with denominator (D*)3 (x4 — 2*)T** (which results only from those
terms of the operator L? which contain the second partial derivatives of the function ¢) whose
numerator is a polynomial of the following functions:

1)
AM and their first and second partial derivatives with respect to all their arguments (functions

(1) A
of Ws(z®) and % where a* is replaced by the corresponding X function).

(1) (1) (1)

Ws(xa)l Wsa(xa)a Wsa,@(xa)~ B

X and X. (One has denoted by X the quotient by x4 —x* of the functions X for which Xy = 0).
U(z®) and €, which only occur in the product [U,]w? in the polynomial considered.

We remark that this polynomial, function of the seven arguments

1’8, £E4, )\27 )\3a
vanishes for z* = x.
(2) A rational fraction Hij, with denominator (D*)2T** of the following quantities:

@, @

1 @
coefficients A M, B?‘ and F'g, and their partial derivatives of the first two up to the orders

1)
two and one, respectively, with respect to the z®. In other words, coefficients A and f, and
their partial derivatives with respect to all their arguments up to the fourth order, and functions

L @ N N
Ws(x%)...U s(z%), Ws(z%)...Us(x“);

functions X and ~)~( ; y

functions © and € (one has denoted by € the quotient by z3 — z# of the functions € for which
Q() = 0),

(b) T is the value for * = 0 of the product of the square root of a rational fraction with

(1)
denominator D*, and numerator 1, with a rational fraction having denominator (D*)? A*47T*4 of
the following functions:

1)
AM and their first partial derivatives with respect to all their arguments;

first partial derivatives of f, with respect to W, (they contribute through (Bp?‘), functions of
Wi (z%), Weo () and X<

(1) (1)
Ws(z®) and Wsa(z%);

X and X, Q and $;

Cauchy data ¢(2?) and vs(z*) and their partial derivatives with respect to the z* up to the
orders five and four, respectively.
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7 1. Solution of the system of integral equations .J;

We remark that the system of integral equations Jj is divided into two groups; on the one hand

X:/ E dz* + X, (1)
on the other hand .

Q:/ F dz* + Q, (2)

W = / G dz* + Wy, (3)

27 2
AU = // /de d/\gd/\3+/ /Id/\gd/\g (4)

The equations (1) do not contain other unknown functions besides the functions X. We shall
solve them first.

We remark on the other hand that the function H, is a known function when the X are known.
We shall then be in a position to restrict the quantity H without making assumptions on the
derivatives of the functions U and W, viewed as independent, and solve the remaining equations
(2), (3) and (4).

We are therefore going to prove that the system of integral equations Jy admits a unique solu-
tion, by making use of the assumptions made on the coefficients AM and f, and of the assumptions

(1)
on the functions Ws. We shall collect these assumptions under the name of assumptions B and
B’ and we will state them in the two following paragraphs.

8 Assumptions (B)
(1) In the domain (D) defined by
la" — 7' < d, |2t < ¢
and for values of the functions W and Wy, satisfying:
[Ws —ps| <1, Wi —@ai] <1, [Wea — 0| <1 (8.1)

(a) The coefficients AM and f, admit partial derivatives with respect to all their arguments
up to the fourth order, continuous and bounded by a given number.

(b) The quadratic form A* X, X, is of normal hyperbolic type. The coefficient A** is bigger
than a given positive number.

The coefficients ag‘ﬁ and agﬁ relative to the values of the coefficients AM at a point of the

previous domain are bounded by a given number.

(1)
(2°) The approximating functions W admit in the domain (D) of partial derivatives up to the
fourth order continuous, bounded and satisfying the inequalities

(1) (1)
Ws_@s Sl; Wsi_@sigly ws Sl
. L@ (1)
and the analogous identities |W — Wy| <l up to |Us — Pg| < .
(3°) In the domain (d), defined by
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the Cauchy data o, (z?) and ¥, (x?) possess partial derivatives continuous and bounded with respect
to the variables 2* up to the orders five and four, respectively.

We will denote by bounds (B) the different bounds occurring in these assumptions (d,¢,!
bounds of coefficients and Cauchy data).

9 Assumptions B’

(1°) In the domain (D) and for values of the functions W, and W, satistying the inequalities (8.1),
the partial derivatives of order four of the coefficients AM and f, satisfy a Lipschitz condition
assigned with respect to all their arguments.

(2°) Tt then turns out from the assumptions (B) that, in the domain D and for values of the
functions W satisfying (8.1), the coefficients ag A ,al 5 and their partial derivatives up to the fourth
order verify a Lipschitz condition given with respect to their arguments z§, Wy(z§).

(3°) The partial derivatives of order four of the functions Wy satisfy a Lipschitz condition with
respect to the three arguments x'.

From the assumptions (B) 3°) it results the inequality

SZ/Z|x/(¥_$a|

(1) o 1
WS(xl )_WS(QT )

(1)
and the analogous inequalities for the partial derivatives of the ¥ up to the third order.
We shall have in addition:

(€] )

US(xli7x4)_ Us(xi7x4) x/i_xi

<1y

(4°) in the domain (d) the partial derivatives of Cauchy data s and ¢, of orders five and four,
respectively, satisfy a Lipschitz condition with respect to the variables x*.
From the assumptions (B) there resulted the inequality

<y,

and the analogous inequalities for the functions s and the partial derivatives of ¥s and ¢ up to
the orders three and four.
We have in addition:

r i
-

PNCOETNCY

1 i
" =2,

s (@) — s (a?)

Uy
<l

1% i
" — 2

3

@) = v (a")

where [ and [ are given numbers which satisfy

> 1.

We will refer to the bounds occurring in these assumptions as the bounds (B’).

10 Solution of equations (1)

We shall solve first the equations (1) defining the characteristic conoid. These nonlinear integral
equations, having in the first member a function X, do not contain other unknown functions besides
the functions X.

X:/4 B(X)dz* + Xo. (1)
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Functional space T

We shall solve the equations (1) by considering a functional space T, the m coordinates of a
point of T (m is the number of functions X) being some functions X; continuous and bounded of
the seven arguments x§, x4, A2, A3 in the domain A defined by

|25 — 7' < d, Jag| < T(ay),
0<at<aj, 0< A<, 0< Mg < 2m,

with Y(z{) < e (v occurring in the assumptions (B)).

The functions X take for #* = x3 the assigned values Xo. We denote by M the point of T
having coordinates X (values of the functions X, for 2§ = 7%, x4 = 0°) and we assume that the
functions X satisfy the inequalities

|X1 — Xo| < dand |X; — Xo) < M |25 — 2?], (10.1)

where M is a given number that we will specify later on.

11 Distance of two points of T

We shall define in the space T the distance of two points M1, M) by the maximum in the domain
A of the sum of absolute values of the differences of their coordinates:

d(My, My) = Maxp Y |X] — X1,

The norm introduced in such a way endows the space T of the topology of uniform convergence,
and one checks easily that the space T is a normed, complete and compact space.

12 Representation of the space T into itself

To the point M; of T having coordinates X; we associate a point My whose coordinates X, are
defined by

1_4

X, = E; dz* + Xo. (12.1)

4
o

E; denotes the quantity F occurring in the equations (1), where the functions X are replaced
by the corresponding coordinates X; of M;.

Let us show that this representation (12.1) is a representation of the space Y into itself, i.e. the
X5 are continuous and bounded functions of their seven arguments, take for 2 = x§ the values
X and satisfy the same inequalities (10.1) fulfilled by the X1, if (z}), which defines the domain
of variation of the argument zg of X is suitably chosen.

(RN EY)

The E; are indeed expressed rationally (cf. Sec. 6) by means of the W Ai‘” , of their partial
derivatives up to the fourth order (z* is replaced in all its functions by the corresponding X1
function),

1 1
X, (a)gﬁ, (a)gﬁ
: all these functions are, by virtue of the assumptions (B) and of the assumptions made upon the
X1, functions continuous and bounded of the seven arguments zg, x4, A2, A3. On the other hand,
the denominator of the functions F; is

(1) (1) (1) .
TT4 ( *44 1 ”41%)
1

SWith the exception of the functions x?, for which Xg = x(i), the functions X are constants or functions of g, A3
only.
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and takes the value 1 for 2% = 23, X1 = Xo. It follows immediately from the assumptions (B) and

)
(B’) and from the inequalities verified by the X; that T ** satisfies some Lipschitz conditions

(1)
T — 1‘ < T’{Z|X1 — Xo| + |2* _xg|} <T'(mM+1) |zf — 2|,

where 7" depends only on the bounds (B) and (B’).
We shall therefore be in a position to choose e(z}) sufficiently small so that the denominator
considered differs from zero in A. For example, for

. 1
< ———— 12.2
@) < SEen D) (12.2)
we shall have in the domain A
M, 1
T = 5. (12.3)

The quantities F; are then continuous functions of the seven arguments zg, x*, A2, A3 in the
domain A, and are bounded by a number M which depends only on the (B) bounds

< M.

The functions X5 are therefore functions continuous and bounded of their seven arguments,
They fulfill the inequalities
| X2 — Xo| < M |z§ — 2| (12.4)

It will be therefore enough to take e(zf) in such a way that

d — |75 — 7|

i) <
E(Jjo) — M )

in order to obtain o
|X2 - X0| <d.

(Let us remark that the number M of the inequality (10.1) has been chosen in such a way that the
functions X verify the same inequality as the functions X7, cf. (12.4)).
The point My will be therefore a point of T if e(xf) verifies the inequalities (12.2) and (12.5).

13 The representation reduces the distances
Let us show that the distance of two representative points Mz, MY} is less than the distance of the
initial points My, M} if e(z}) is suitably chosen.
We deduce immediately from the equations (12.1) the inequality
|X5 — Xo| < |og — 2| - Max|E] — Ei|. (13.1)

The E; being rational fractions with nonvanishing denominators of bounded functions verifying
Lipschitz conditions with respect to the X; (the X verifying the assumptions (10.1) we can indeed
exploit the assumptions B’). We have on the other hand

Bl — Eal < M’ |X] - X4,

where M’ is a number which depends only on the bounds B and B’. From which

d(Mao, My) < mM' - Maxpe(x) - d(My, MY).
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In order for the representation (12.1) of the space Y into itself to reduce the distances it will be

therefore enough that e(z}) satisfies
1

mM’’
We shall therefore choose e(xf)) as satisfying the inequalities (12.2), (12.5) and (13.2). The rep-
resentation (12.1) of the space T normed, complete and compact into itself, reducing the distances,
will then admit a unique fixed point belonging to this space.
Conclusion. In the domain

e(zh) < (13.2)

loh —F'| < d, |25] <e(xf), 0<a’ <af, 0< A <7, 0< A3 <27 (13.3)

the system of integral equations (1) admits a unique solution, continuous and bounded, verifying
the inequalities o
| X — Xo| <d. (13.4)

We remark in particular that the three functions X corresponding to the x* define, with the
variable x*, a point belonging to the domain D.

14 Properties of the functions X. Functions X

The functions X verify the equations

7:4
X:X0+/ E dz*.

The quantities F, not involving”, besides the X, any functions but the %A“ and their partial
derivatives (given functions of the z¢), possessing the same properties discussed in chapter I. Proofs
identical to those performed in chapter I¥ (Sec. 15) show therefore that:

(1°) The functions f{_ﬁ are continuous and bounded in A. The functions X , quotients by
4

4

x§ — x* of the X which vanish for 23 = 2%, are continuous and bounded in A:

|X — Xo| < M|zs — 2|, | X| < M.

(2°) The functions

71_4
X - Xy Jo (E—Eo)da*

a4 44
T5— X T5— X

(where X, Ey denote the values for 2! = xg of X, E) are continuous and bounded in A. The

bound on these functions is deduced from the Lipschitz conditions, verified by E (rational fraction

bounded from bounded functions verifying some Lipschitz conditions) with respect to the X and
4

x*:

1B = Bol < M" {37 1X = Xo| + |a* ~ aif]}

M" depends only on the bounds B and B’. We have therefore

. M
‘X—Xo‘ < S (M m+ 12t - af]. (14.1)

"The proofs have been performed in chapter I by using the variable \1; it is clear that one can repeat it with

(1)
the variable z#, the denominator 7' *% here introduced being a (nonvanishing) polynomial of the same functions on
which E depends.

— (1) .
8Since the X found satisfy |X — Xo| < d we can evaluate A **(z®) by replacing z* with the corresponding X
function.
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(3°) The functions X wverify Lipschitz conditions with respect to the x}.

It is sufficient, in order to prove it, to impose on the space YT the following supplementary
assumption:

The functions X verify a Lipschitz condition with respect to the z}

’Xl (a:/é,xg, ) - X3 (a:é,a:é, )’ <d Z

where d’ is a given number.

We have

o' — (14.2)

)

I4

X5 (a:/é, ) — X5 (xg, ) = /4 (El (x'é, ) — El(xé, )) dx?.

x

Ey (2/t) and By (x}) are evaluated with the help of the functions X;(z'p,...) (in particular
zi(2'y,...)) and Xi(zd,...), respectively. Since the quantity E verifies a Lipschitz condition with
respect to the X7, one deduces from (14.2):

‘Xg(x’(l), L) = Xo(xh, )‘ <oy — | M'd |2’y — xb |,
from which, for £(z}) < 7%, one has
‘Xg(x'é, o) — Xo(xd, )’ < dlz ' — x%‘ :

The point Ma, representative of My by virtue of (12.1), is still, with the supplementary
assumption made, a point of Y, and the fixed point has coordinates verifying
i

71
Lo — Zg

]X(x'g,...) —X(xé,...)’ <dy"

and ,
/1 1
Lo — Ty

‘X(a:’f), L) — X(a, )’ < log -2 )My

from which in particular

X i
xo_xo.

\mfg, L) — X, )\ <Mdy

15 Solution of equations (2), (3) and (4)

We now consider the system of integral equations with three groups of unknown functions Q, W
and U, obtained by replacing in the equations (2), (3) and (4) the functions X with the solutions
found of equations (1):

Q:/ Fd$4+90, (2)

W:/ G da* + Wy, (3)
0

0 T 27 T 27
U= / / H dz* d\y dXs + / / I d)\y d)s. (4)
zz Jo Jo o Jo
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16 Functional space F

We shall solve these equations by considering a functional space F, the coordinates of a point of
F being defined in the following way:

(1°) my of these coordinates (mq is the number of functions 2) are functions {27 continuous
and bounded of the seven arguments z§, 2%, A2, A3 in the domain A:

lah — 2| < d, |zg|e(@h), 0<a' <aj, 0< Ao <mm, 0< A3 < 2m.
These functions take for 2% = z¢ the given values 2y and satisfy the inequalities
|1 — Qo| < h, (16.1)

where h is a given number.
We shall suppose in addition

|Ql —Qo| SN|J34—$3|,

where N is a number that we are going to specify later on. The functions 0, quotients by 2% — 2§
of the functions Q; that vanish identically for z* = 3, are then bounded in the domain A:

] < N. (16.2)

The functions €; will be assumed continuous in A.
(2°) my of these coordinates (mg is the number of functions W and U) are functions Wi, Uy
continuous and bounded of the four variables % in the domain (D):

|a:i —Ei| <d, |z| < e(xf).

These functions take for z¢ = 0 the values Wy and Uy defined by the Cauchy data and satisfy
the inequalities
(W1 —Wo| <1, |Uy — Up| < 1. (16.3)

(I is the same number occurring in the assumptions B). The functions
0, Wo, Up

define a point My € F.

17 Distance of two points of F

We define in the space F the distance of two points M; and M by the sum of the upper bounds,
in the respective variation domains of their arguments, of the absolute values of differences of their
coordinates:

A(Ma, Mp) = Max {3710 = ] + 3 (W] = Wa| + > |Uf - Uhl

The space F is then, like the space Y, a normed space, complete (topology of uniform conver-
gence) and compact.

18 Representation of the space F

To the point M of the space F we associate a point My whose coordinates 2o, Wa, Us are defined
by

4

Qg = / Fy d$4 + Qo,

4
0
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W,y = / Gy da + W, (18.1)

0
0 27 T 27 T
47TU2=// /Hldx4+/ /Ild/\gd/\g.
z$ JO 0 0 0

Fy,G1, Hy, I denote the quantities F, G, H, I, occurring in the equations (2), (3) and (4), evaluated
with the help of the functions X, solutions of equations (1), and by replacing the unknown functions
Q, W, U with the coordinates 21, W7, U; of the point M.

Let us prove that the representation (18.1) is a representation of the space F into itself if (z)

is suitably chosen.

&) (1)
(1°) I} is expressed rationally (cf. Sec. 6) by means, on the one hand, of the A, f,, Wy, of

1 1
their partial derivatives up to the third order and of the (a)g‘ # and (a)gﬂ (given functions of the

X), on the other hand of the Q. All these functions are continuous and bounded functions of the

1)
seven arguments x§; %, Ao, A3. The denominator 7** of these fractions F; being nonvanishing

1)
(T** > % by virtue of (12.3)), the F; are continuous and bounded functions of the z§, x4, A2, As:

|F1] < N,

N depending only on the bounds B and on h.
The Q9 and Qg are therefore continuous and bounded functions of their arguments, and verify

Q2 — Qo| < Nz — 2|, Oy < N. (18.2)
If e(x}) satisfies e(z}) < £ we shall have
Qs — Q| < h.

Qo satisfies then the same conditions as €7, the number N (upper bound of the Fy in A),
occurring in the inequality (16.2), having been chosen so that this is true as well.

(2°) G1 being an U; or a Wy, the Wa are continuous and bounded in D by a number P
depending only on the bounds (B)

Wy — Wl < |z*P),

from which, for e(x}) < %

)

(Wa — Wo| < L.

(3°) Let us show that the functions H; are bounded by a number which only depends on the
bounds (B), (B’) and on h.
(1) (1)
(a) Let us consider the quantity D* occurring in the denominator: D* is a polynomial of the
1) ~
functions A**, X, X and p? which takes the value —1 for z* = 2z} and X = X,. By virtue of

the inequalities (14.2) and (13.3), verified by the functions z¢ and the variable 2% in the domain
1)

A, AM verifies Lipschitz conditions with respect to the ® in A. One obtains therefore some

inequalities verified by the functions X and X and some assumptions (B) stating that

€] .
‘D* + 1‘ <D {Z|X — Xo| + |2* —x3|} < D'(m M+ 1)e(z}),

where D’ is a number which depends only on the bounds (B) and (B’). We shall be therefore able

A (D)
to choose e(zf) sufficiently small so that D* does not vanish. We see for example that
; 1
7 < -
) < It AT T 1)
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leads to

> % in A. (18.3)

W),
D

(b) Let us consider the rational fraction Hy, (cf. Sec. 6) with denominator

3
(1) (1)
<D*) ($3—$4)T*4-

Its numerator is the product by ([UR]lwfl) of a polynomial p of the functions (;1))\”7 [(/[1/257 of their
first and second partial derivatives and of the functions X, X and pY: quantities that are all known,
possessing the same properties as in chapter I (Sec. 15). The quotient by x4 —z* of the polynomial
p (which vanishes for z* = z3) is therefore a function continuous and bounded in A. The bound
of this function is deduced from the Lipschitz conditions verified by p (polynomial of bounded
functions verifying some Lipschitz conditions with respect to the X and z%):

p§P'{Z|X—Xo|+|x4—xé|}.

P’ is a number which depends only on the bounds B and B’.

We have therefore »
/
P < P'(m M +1).

The Hy, can be therefore put in the form of fractions with numerator

Urhw? =2

— 4
Ty — T

1) (1)
continuous and bounded in A, with denominator D* T ** continuous and bounded in A. The Hy,

are therefore continuous and bounded in A, their bound depending only on the bounds B, B’ and
h.

(c) The Hip (cf. Sec. 6), rational fractions with nonvanishing denominator of the functions
continuous and bounded in A, are continuous and bounded in A. We see eventually that the H;
are continuous and bounded in A:

[H| < @,

where ) depends on nothing else but B, B’ and h.
(3°) Let us consider I;. Let us recall that

i« D'pi ,
I= {Eg* *]Z (zg — z*)?sin )\2} . (18.4)
T z4=0

The Egl being given by the equality of chapter I involve the partial derivatives of the ag

with respect to the z? of first order only, and linearly; the results of chapter I show then that the

, ~ (1) (1)
ng(xé —2*)? are continuous and bounded in A because X, X, D, D* and their partial derivatives

possess the same properties as in chapter I, and that the Q7 and ; are continuous and bounded.
We remark in addition that the products of all terms of the (E%L*); by x5 — z* are bounded (cf.
chapter I and the previous inequalities) by a number R; depending on nothing else but the bounds
B, B’ and h, with the exception of the term

W, 109
} (18.5)

R 3
~Unh W [ 4755
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‘We have therefore

n @
V,.00 D* .
I < Ry|xg| + @R(wf;)rbo AY @piw(xé —zh)? sin Ag. (18.6)
T T*4 z4=0

The quantity enclosed in brackets, J, is a known quantity, which verifies a Lipschitz condition
with respect to the functions X, X and the variable 2% and which takes the value 1 for ¢ = z2.

We have therefore in A:
|J — 1] < Rp|z® — 2j| and |(J)g1—¢ — 1| < Ra|xj|, (18.7)

where Ry is a number that only depends on the bounds B, B’ and h. We deduce on the other hand
from the inequality (16.1), verified by the functions ,

‘(wg)ko - 53‘ < Nlad|. (18.8)
We deduce from the inequalities (18.6), (18.7), (18.8)
|Il — (Pssil’l/\2| < R3|$g|,

where Rj3 is a number which depends on nothing else but B, B’ and h.

The previous inequality is verified at every point z%(zf,0, A2, A\3) of the domain d. We have
assumed on the other hand (assumptions B’) that the ®g were verifying some Lipschitz conditions
with respect to the z*:

|@s(2") — ®s(ap)| < lola’ —apl.

The z° verify (cf. (13.4)) |2° — z{| < M;|z$ — 2*| and, having taken here for value z* = 0, we
have ‘ A
|®s(a’) — ®s(ah)| < lgM|zj). (18.9)

We see eventually that there exists a number R, depending on nothing else but the bounds
(B), (B’) and h, such that 4
|1 — ®g(xf) sin A2 | < Rlag.

1 0 27 T 1 27 T
U2:—// /Hldx4d)\2d)\3+—/ /Ild/\sz3
47T z4 Jo 0 47T 0 0
0

are hence continuous and bounded functions of the z§ and verify, ®g(x}) having been denoted by
Uy, the inequality

The functions

™
|Uz — Up| < |$3|§(Q + R),

from which, for

. 21
) i — 18.10
E(xO) = W(Q+R) ( )
we shall have
|U2 — U0| <.

The functions Qs, W5, Us possess then the same properties as Q1, W1,U;. The point My is
hence a point of F if (zf) verifies, besides the inequalities that were imposed upon it in the
solution of equations (1), the inequalities (18.10), (18.2), (18.9).
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19 Distance of two representative points

Let us evaluate the distance of the points My, M), representative of My, M}. We shall deduce
from the equations (16.3), defining the representation, that in the domain 2 we have

Q) — Qy < |zg — 2t |Maxp | F] — F. (1°)

It turns out from the expression Fi, from the assumptions (B) and the assumptions made on €
and W; that F; verifies a Lipschitz condition with respect to the functions Q; and W; whose N’
coefficient depends on nothing else but the bounds (B) and h. From which the inequality

2 — 0] < N'jaif — o' Max {3710 - @] + >° W] - WA} (19.1)
W} — Wal < [aMaxp| G} — Gul. (2%)
(G1 being a function W7 or a function Uy, we have

(W5 = Wa| < | |Maxp {3 W] = | + > U] - thl}.

™ ™
U} — Us| < §|x3|MaxD|H{ — H|+ §Maxd(11 - 1) (3°)

(a) Tt turns out from the expression of H; (in particular from the fact that the polynomial
p, occurring in the numerator of the function H,, in independent of the point M; in F that
we consider), from the assumptions (B) and from the inequalities of Sec. 18 that H; verifies a
Lipschitz condition with respect to the functions Q1, Q1, Wi, U; whose R} coefficient depends only
on the bounds (B), (B’) and h:

\H, — H)| <RQ{Z|Q'1—Q|+Z|Q'1—QI|

+Z|W{—W1|+Z|U1—U1|}.

(b) Let us consider the quantity I, given by the equality (18.1), where the only unknown

. R
functions are the functions (€4 );4—¢. The expression of the E% (in particular the one of %“;f ), the
results of chapter I and those obtained from the solution of equations (1), the assumptions (B)
and those made upon §2; show that the product

{Es, (25— 2%},

verifies a Lipschitz condition with respect to the functions (£ ),1—q whose R} coefficient depends
only on the bounds (B), (B’) and h:

I} — Ii| < Ry Z 1] — Q1lp1=0-
We have therefore

|Uy — Us|

IA

RyfatMaxp { 3105 - ol + 1[0 - ]
S IUAARS S EA)
+ gR/QMaXd 371 — i, (19.2)

Let us then consider the point M3 representative of the point My (i.e. obtained starting from
My with the help of equalities analogous to (18.1)). The transformation mapping M; into Ms
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is a representation of the space F into itself. Let us compute the distance of two representative
points.
We shall deduce from the inequality (19.1)

Q’Q—QQ‘ < N'Maxa {Zm’l —Ql|+Z|W{—W1|}. (19.3)

The inequalities (19.1), (19.2) and (19.3), written one after the other for the representations
Mp — My and My — Mg, show then without any difficulty that there exists a number «,
nonvanishing, depending on nothing else but the bounds (B), (B’) and h such that, for

e(zh) <

one has

d(Msz, M) < kd(M1, M}),

where k is a given number less than 1.
The representation of the space F into itself which leads from M; to M3 admits then a unique
fix point, and the same holds for the representation (18.1) originally given.

20 Conclusion

There exists a number £(z) depending only on the bounds (B), (B’) and h (and nonvanishing)
such that, in the respective domains:

lzh —Z'| < d, |25 < e(xf), 0<a* <ag, 0< A <7, 0< A3 <27 (1)

|2 = 7| < d, [o*] < e(ap). (2)
The equations (2), (3) and (4) have a unique solution, continuous and bounded Q(z§, z*, A2, A3)
and W(z®), U(z*) verifying the inequalities
|Q—Qo| < h, |W =Wy <L, |U-U| <L

(1) e
We shall prove in addition that the functions W and U obtained satisfy, as W and [, some

Lipschitz conditions with respect to the variables 2.

21 The functions W (z®) and U(z*) fulfill Lipschitz conditions
with respect to the variables z°

In order to prove that the functions W and U, solutions that we have found of equations (2), (3)
and (4) satisfy Lipschitz conditions with respect to the z* it is enough to make on the functional
space F previously considered the following supplementary assumptions:

Assumptions ~
(1°) The functions 7 and € satisfy Lipschitz conditions with respect to the three arguments

g

‘Ql(xé,xé,x4,)\2, A3) — Ql(x’é,xg,x4,)\2,)\3)‘ < h’z o/b— (21.1)
with A/ < |x§ — x4| N’; in particular
‘Ql(xé, L) = (a, )\ < NSty — (21.2)

where h’ is an arbitrary given number, N’ a number that we will specify later on, function of the
previous bounds.
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(2°) The functions Wy and U; satisfy Lipschitz conditions with respect to the xt

‘Wl(x’i zh) — Wy (2, 2

’Ul(x'i o) — Uy (2, 2*

(21.3)

22 Representation of F into itself

F, endowed with the previous norm, is still a normed, complete and compact space. Let us show
that the representative points Mz of the points M; € F are still points of F if e(zf) is suitably
chosen.

(1)

() =l ) = [ (B ()~ (o)) ot 22.1)

The quantities F1 (x'(i), ) and Fy (x(i), ) are evaluated with the help of the functions X(x’(i), )
(in particular x%(2'g, ...), Q1 (2', ...)
and z(zh, ...), 0 (2, ...)),

respectively.
It turns out from the expression of Fj, the assumptions made (in particular from (14.2) and
(18.2)) that

‘Fl(x’f), ) — Fi(a, )‘ <N' S| - xg :
‘Qg(x’é,...) Qo(xl,...) ‘ <lag—a (22.2)
if e(x}) satisfies
, !
e(z) N
We shall have therefore
‘Qg(x/é,...)—Qg(xé,...)‘ < I x'g_xg\. (22.3)

If N' denotes the number, that depends only on the bounds (B), (B’) and h, occurring in the
inequality (21.2), we shall have equally well

Iz i
'y —xgl -

‘Qg(x/é,...) _Qg(xg,...)’ <N’

(29)
[Wala", o) — Wa(at, ) :/0 (Gita" 1)~ (et 1)
+ Wo(z'") — Wo(z'). (22.4)

G1 being a function Wj or a function Uj, the inequality (21.3) shows, under the assumptions
B’ on the Cauchy data, that one has

X i

pRE:

Wg(x'i,x‘l) — Wg(xi,x‘l)‘ <|

One then sees that




implies

‘Wg(x'i x ) Wa( x Lzt

. ) 0 2m ; )
Un(a'h, o) — Un(a, ) = / / [Hl(x’('), )~ H(x, )} dzt dhs dAs
4 0

/%/ I(z Il(xo,...)} Ao d)s. (3%))

The quantities H; (2’ o), I (z) and Hy(z 8), I (z}) are evaluated with the help of the functions
X (2, ...) (in particular a%(xd,...)), Q1(2'y, ...) and

X(xé,...),ﬂl(xé,...),

respectively.
Quantity H;
(a) Let us consider the polynomial p occurring in the denominator of Hy,. p is a polynomial of

1) (1) -
the functions { A)‘”] , Ws(z®), of their first and second partial derivatives, of the functions X, X

and p?.
The Taylor series expansion of this polynomial, starting from the values
1) 1)
AL AL
W] e |2AT (24T
o V| Oz oz | 777

0

L SO RN €)) o (1) o ~ -
Ws(z®) = Ws(25), Wsa(z) = Wsal2g), ... X = X0, X = Xo

(values of the corresponding functions for the value x§ of the parameter z*) for which the polyno-

mial p vanishes, shows that p is a polynomial of the functions already listed, and of the functions
) (1) (1) -
AA“} — 0N, s We(2®) = Ws(2§), ..., X — Xo, X — X whose terms are at least of first degree with

respect to the set 0f these last functions.
The quantity —"— is therefore a polynomial of the functions

(1) (1) i
AM W (2), o X, X, p?

and of the functions

(1)

A = () (1) L

{ ] A Ws(z®) — Ws(2§) X—-Xo X—-Xp
g —at zg — ! B 7 R

Since the coefficients (;1)”‘“ and the functions I(/%/)S admit bounded derivatives with respect to
the z up ro the fourth order, whereas the functions considered involve only derivatives of the first
two orders, it turns out from the assumptions (B) and the inequalities (13.4) and (14.1), verified
by X and X , that all listed functions are bounded in A by a number which only depends on the
bounds (B) and (B )

The polynomial —*— verifies therefore a Lipschitz condition with respect to each of these

functions, whose coefﬁment depends only on the bounds (B) and (B’). Let us prove that these
functions themselves verify Lipschitz conditions with respect to the xf. It will be enough for us,
by virtue of the assumptions (B) and the inequalities of Sec. 13 to prove this result for:
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P

(1) the functions +———>— and WS(mmzizzS(IO) and the analogous functions written with first
0 9]
(1) (1)
and second partial derivatives of the A ** and W, with respect to the z%;
(2) the functions ii—jg.
0

(1) Let us set

T 4 4 _
F(anxmx 7)\27>\3) - 4
0

where ) ) (1)
1 n o L j j
A*A'u _ (%f — A (Ws(xz’le), Ws(xa,xé)7xi,x4’x6,$g)

1 . 1 . , ,
_A*Ali (W‘?(‘xz)v J?El)), WS(Z‘B, Z‘é), 1‘6, xév le)v xé)
with z¢ = 2¢(z, 28, 2%, X2, A3). ‘
Let us consider the quantity F(a2/(,...) — F(x},...). The function occurring in the numerator

vanishes for 2% = 23 (because the two functions F(x'(,...) and F(x{,...) vanish) and it admits a
derivative with respect to 2% continuous and bounded in the domain A (because the same holds for

, ) (1) ,
the functions F(z},...) and A** W, and 2°). We have therefore (formula of finite increments)

F(',..) = F(zh,..)

0 D orp, i . W orns i .
= {@ [(A AL (xlo"") —(5’)\) — <A AL (x4 o) —5&)]} . 4),

where 6 is a number in between 0 and 1.

1) ;
Since the derivative of the function A**(2/(,...) with respect to the parameter z* verifies a

Lipschitz condition with respect to the z{ (assumptions B and B’, results of Sec. 14), whose
coefficient depends only on the bounds (B) and (B’), we see eventually that

F(a'y, ) = Flah,.) <L ’xo g

where L; depends only on the bounds (B) and (B’). Q.E.D.

o Lm
The same proof holds for the function %‘TZ"(%)
i

and for the functions built with the

1) (1)
partial derivatives of the A** or W, up to the third order included.
(2) We have (cf. Sec. 14)

S (B — Eq)de*

X - Xo=
z§ — x4

3

from which

’I,'4
o I (B Bo)ey — (B - Eo)y| dat
(X = Xo)ars — (X — Ko)ys = — : .

Y
Ty — T

(1) (1)
E being a rational fraction with denominator T'** of the coefficients A** and of their partial
derivatives up to the third order (the fourth-order partial derivatives only occur in the equations
(1) having in the first member Zipgs Whereas X correspond only to the functions y7, y7,, y7,,) and

1)
of the functions X, we can write E — Fy in the form of rational fraction with denominator 7T **

1) 1)
(because T** =1 for x* = x3) of the previous functions and of the functions X — X, A *M — oy,
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. whose denominator has all its terms of first degree at least with respect to the set of these
functions. We can then write
E — Ey = (z3 — z*)F,

)
where F is a rational fraction with denominator T ** of the previous functions and of the functions

)
X—Xg A -6}

T_ 10 T A
Ty — T Ty — T

g eee o

Since all these functions verify Lipschitz conditions with respect to the z}, it is clear that

(B = Eo)y = (B - Ey), |ad g
from which I
‘(X - Xo)a:"[i) - (X - Xo)wé 71 |Z‘é - Z‘4|
and
X - Xy X - Xy Lo
i ———— — [ =—== < —Z.Q.E.D.
<xg_x4)a:’6 (xé_x4>x6 -2 Q

We have thus proven that the quantity —*—; verifies a Lipschitz condition, with respect to the

x{), whose coefficient depends only on the bounds (B) and (B').

(b) There remains no difficulty to prove that the quantity H; (product of the square root of
a rational fraction with numerator 1 and nonvanishing denominator with a rational fraction with
nonvanishing denominator of the bounded functions verifying all Lipschitz conditions with respect
to the xf) verifies in A a Lipschitz condition with respect to the z} whose coefficient @’ depends
on nothing else but the bounds (B), (B’), h and b’/

|Hy — Hy| <

Quantity [y

One proves easily, by considering the expression of I; and the previous inequalities, that all
terms of 7, with the exception of the term (18.4), verify Lipschitz conditions with respect to the
x¥ whose coefficient is of the form R}|x§, where R/ is a number depending only on the bounds (B)
and (B').

Let us consider the term (18.4). One finds (by a proof analogous to those used for Hy) that

J(To) 1
zg—

verifies a Lipschitz condition with respect to the variables x}, from which

<R,

z4=0

[7(6) = J(ah)
from which, by using the inequality (21.1) and the inequalities of Sec. 18

Io(a'y) = Ii(wh)| < 7'y —

+|Uo(a's) — Uo(ah)| (1 + B3 la) -
One then obtains Lipschitz conditions, verified by Uy,

L) — hwh)| < (Rl +10) S

1K i
Tog— 2o,

where R’ is a number depending only on the bounds B and B'.
We shall deduce eventually from the Lipschitz conditions, verified by Hy and I,

1 i

U2t 08) — Ua(abad)| < 5 [(Q+ Rl + 1] - |6 — b
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hence that the inequality
i =1y 2
) < TR
implies
Us('y, z*) — Ug(xi,x4)‘ < lz lz"" — 2.

Conclusion. The inequalities of Sec. 22 prove that, if e(z) satisfies the corresponding in-
equalities, the point M is again, under the additional assumptions made, a point of F. The
application of the fixed-point theorem shows that, in the domain D, the functions W and U satisfy
Lipschitz conditions with respect to the x* with coefficient .

The functions W and U, solutions of the integral equations (J;), satisfy therefore, in D, the

n
same inequalities holding for the functions W,...U .

II. Solution of the equations G,

We will now prove that the functions Wy, solutions of the equations I, are solutions of the
equations (G1, and that the functions Wi, ...Ug, solutions of the equations I, are the partial
derivatives (up to the fourth order) of the Wy, in a domain D depending only on the bounds B
and B’. We shall use for the proof the approximation of continuous functions by means of analytic
functions (method used in analogous problems by Hadamard and several other authors).

23 Analytic coefficients and analytic Cauchy data
Let us consider some equations G where the coefficients and Cauchy data are analytic (AM, f,,

(1)
W, Ps

and ¥, analytic functions of their various arguments). The Cauchy problem for the equations Gy
admits an analytic solution in a neighbourhood V of the domain (d) of the surface #* = 0 carrying
the initial data (Cauchy-Kowalevski theorem). If the coefficients and the Cauchy data satisfy the
assumptions of chapter II, there exists a neighbourhood V of (d) where this solution satisfies the
integral equations ;.

Let us consider on the other hand, independently of equations G7, the integral equations 1.
We shall prove in the next section that they admit, within a domain D depending only on the
bounds B and B’, a unique analytic solution which coincides therefore, in the part shared by the
domains V' and D*, with the solution of equations G;. This principle of analytic continuation
shows then that this solution of equations I; is solution of equations G; in the whole of D.?

24 Analyticity of the solutions of [,

Let us prove for example the analyticity, in D, of the solution of equations (1)
.7)4
X = / E da* + X,
5

when E is an analytic function of the quantities X, z§, 2*, by extending its definition to the complex
domain:
E being an analytic function of the X, z§, 2%, bounded by M in the domain

R(X = Xo| < d, |ap = 7| < d, |o*] < [ag] < e(xp))

9Being solution of equations G'1 in a domain as close as one wants to D this solution of equations I, which is
continuous in D, is solution of equations G in D.
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of variation of its real arguments, it is expandable in an absolutely convergent series in the neigh-
bourhood of every point of R. We can thus extend the definition of E to a domain of variation of
the complex arguments Z = X + iy, z§ = 2§ + iyg, 2* = 2* + iy* by expressing it in the form of
a convergent series, hence holomorphic in the m cylinders V| centred at a point whatsoever of V'
and defined by
|Z' — X| < ax, |z’8‘ - a:8‘| < byg, |z — 2t < Cha.

The partial derivatives 53—)](31 being bounded by M’ in R (cf. Lipschitz conditions verified by E) one
can choose the bounds ax,b;g and Cys in such a way that, in v one has

)

A < M’ +d/, o being an arbitrarily small number.
1

One can also choose the bounds b;g and Cys so that, in v, 3 being an arbitrarily small number,
one has
|I E(X17Z37Z4)| < 67 |R E(X17Z3524)| < M"—ﬁ

One can build on the other hand a cover of the domain R by means of a finite number of projections
in R of the m previous cylinders, the corresponding m cylinders determine a domain R of the space
of complex arguments Z, zg, z*, which fulfill the inequalities

|X — Xo| <d,

ah — 7| < d, |2*] < |g] < e(xp),

Y] <a, yg1 <b, [y* <c,

a, b, ¢ being nonvanishing numbers, and in which the complex function F is defined and analytic.
Let us write:
E(Zy,28,2%) = B(Zy, 28, 2%) — B(Xy, 28, 2*) + E(X1, 28, 2,
from which
|l B(Zy, 28,2 < m(M' +a)a+
IR E(Zy,28,2") <m(M' +a')a+ 3+ M.

Let us consider now the equations (1), extended to the complex domain R,
24
7 = / E(Z, 25,2 dz"* + Zo. (1)
%

In order to solve it we consider, as in the real case, a functional space T defined by the functions
of complex variables Z; (2§, 2%), real for 2§ and z? real, analytic in the domain D defined by

|zh — 7| < d, |2t < |ag| < e(xf), w5 < b, ¥ <,

and satisfying | X1 — Xo| < d, 51| < a.

(1°) The representation

24

Zy = E(Zy,28,2)dz* + Z

4
20

is a representation of the space into itself if e(xf), b and c are suitably chosen. As a matter of fact:
(1) Z; is an analytic function of 2§, 2* because this holds for E, real for z& and 2* real.
(2) From the equality

mé-{—iyé x4 m4+iy4
22:—/ Edz4+/ Edz4+/ E dz* + Z,
x4 zd x4

T

we deduce

X5 — Xo| < (b+)[m(M' +a')a+ 6] + |zg — | [m(M' + a')a + 3+ M]

%)



[Ya] < (b+¢)[m(M' +a')a+ B+ M] + |a:6l — a:4| [m(M' + a")a + j3.]
‘We shall thus have

d—({b+c)m(M +a)a+ f]
M4+ m(M' + o )a+

and
Va| <aifb4ec< all - mM/(x(% — 324)] - (ma,a‘f'ﬁ)(ﬂ?é — .134)

M+ m(M' + o )a+
Let us recall that the number 1
)< —. 1
(oh) < — (1)
We have therefore
1 —mM'(zf — z*) > 0. (2)

We shall therefore choose e(xf) as satisfying (1); the inequality (2) shows that one can find,
without supplementary assumptions upon &(zf), the numbers b and c defining D (after having
chosen ', a and (3 sufficiently small), so that My is a point of F. The domain D has for real part
a domain as close as one wants to D.

(2°) Let us prove that the representation reduces the distances. We have seen that, in R, one

has ‘g—z‘ < M’ + o, from which

|B(Z4,28.2%) — B(Z1, 55, 2Y)| <124 - Z2|(M' + &);

we shall thus have

d(Ma, My) <m(M' + ) |zf)1 — 24} d(My, M),

from which 1

d(MQ,M/Q) S d(Ml,Mll) lf |Z(A)1 — Z4| < m,

which will be in particular obtained if

1
> —nand b+c <,

)< ———
£(p) mM’' + «

7 being an arbitrarily small number,

The real part of the domain D so defined is again as close as one wants to D.

We shall conclude, as in the real case, that the representation (I) admits a unique fixed point:
the corresponding Z functions are solutions of equations (1), and analytic, in the domain D. The
functions X, values of these functions Z for real arguments z¢, 2* are analytic functions, solutions
in a domain as close as one wants to D of equations (1).

An analogous result is proved in the same way for equations (2), (3) and (4).

25 Coefficients and Cauchy data satisfying only the assump-
tions B and B’

(1)
If the coefficients AM and f, as well as the given functions W, and the Cauchy data, satisfy only
the assumptions B and B’ we shall approach uniformly these quantities, and at the same time their
partial derivatives up to the fourth order, by means of analytic functions

A (1)
A(n)a fs(n)a Ws(n)v Ps(n)s ws(n)

verifying, themselves as well, the assumptions B and B’.
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We shall build in this way a family of functions W(,), ...Ug(n), solutions in D of equations Iy,
and solutions in D of the Cauchy problem (cps(n), ws(n)), relatively to the equations G'y(y):

A aQWG(n)
(") GxAdah
These functions W(,) possess partial derivatives up to the fourth order and satisfy the same

(1)
assumptions B and B’ as is the case for the functions W .

+ fs(n) =0

26 Convergence of solutions of the approximate equations

Gi(n)

Let us prove that these functions (Wg(n Us(n) ) converge uniformly to some functions (Wj...Ug)

(1)
when the functions A(n), W s(n)> Ps(n)s Ys(n) and their partial derivatives converge uniformly to the
given functions

(1)
A)\Ha WS) @vas'

Arguments analogous to those of the previous pages, and the fact that the functions W, and
U(ny verify a Lipschitz condition with respect to the z variables (that one has to replace by X,
in the integral equations (I(,)) verified by these functions) show that

A A
|X(n) —X(m)| < MaXA{ (Z ’A KA M)’ + ..

+> +)

7S Xy = X =]

(1) (1)
Ws(n) - W@(m)

AL AL
12y = Q)| < MaXA{ (Z ’A 0~ A

>—Wm‘
+ 31X ) = Xy )+N’(|Q(n) — Q|
+D W = W<m>|)} |25 — %]
Winy = W)l < MaX{ZW(n)— o)+ DUy = Uty }lﬂfl
T [Wom) = Woml, (26.1)
|U<n>—U<m>|SMaX{ (> ‘AM Aty
+2
D Wy = Wy + D 19 = Q| + Y Q) — Q<m>|} o]

—|—Max{ (Z'X(”) —X(m)|+Z‘A>‘N A?rlri)‘ + ...

o7

(1) (1)




Y [Py — <I>s<m>|) + Ry Q) — Q(m>|}

a, 3,7, d are bounded numbers (which only depend on the bounds (B), (B’), h and &'
The written inequalities show without difficulty that the functions

z4=0

X(n)v Q(n) and W(n)v U(n)

converge uniformly towards functions X, Q and W, U in their respective domains of definition, (A)
and (D),!° when the approximating functions converge uniformly towards the given functions.

These functions W, U, uniform limits of the functions W), Uy, satisfy the following proper-
ties.

27 Properties of the solutions of equations G,

(1°) The functions W,...Ug are partial derivatives up to the fourth order of the functions Wj, and

(1)
all these functions satisfy the same assumptions (B) and (B’) as the functions W in D.
(2°) The functions W verify the partial differential equations Gj:

Wy W,

Ox*OxH +f=0

in the domain D.

28 Solution of the given equations ¢

(1)
We consider the functional space W defined by the functions W and satisfying the assumptions
(B) and (B’) in the domain D. We have just proved that the solution evaluated of the Cauchy
problem for the equations G defines a representation of this space into itself. Let us denote by

(1)
W s this solution.

The space W is a normed, complete and compact space (for the topology of uniform conver-
gence) if one defines the distance of two of its points by

The distance of two representative points Mo, M} from Mj, M} will be compared to the
distance of these points with the help of inequalities analogous to the inequalities (26.1) (the terms
relative to the differences of the coefficients AM, f, and of the Cauchy data being suppressed).

It is then clear that there exists a number 7 bounded, nonvanishing, such that if the number
e(zf), defining the domain D, verifies

o
Us— US

1 @

d(My, M}) = Maxp <Z We—Wy|+...+

e(zh) <,

the distance of the two representative points
@ @ 2 @
Ws...Ug | and | Ws...U s

is less than the distance of the initial points.

10The number 5(906) that defines D having been chosen in such a way that the representations defined with the

help of these equations reduce the distances: E(CE(Z)) < etc.

1
m M
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The representation considered admits then a unique fixed point (Ws...Ug) which belongs to the
space.

The functions W corresponding to this fixed point are solutions of the Cauchy problem, for-
mulated in relation with the given equations G, in the domain D. They possess partial derivatives
up to the fourth order, continuous, bounded and satisfying Lipschitz conditions with respect to
the variables z°.

We arrive also to the existence theorem that we state as follows.

29 Existence theorem
The Cauchy problem relative to the system of nonlinear partial differential equations

0?Wy

AN (W,) Freym

+ (W, W) =0\ u=1,2,3,4, s,7r =1,2,..n, (@)
admits in the domain D, under the assumptions H, a solution possessing partial derivatives up to
the fourth order, continuous and bounded and satisfying Lipschitz conditions with respect to the
variables z'.

30 Uniqueness theorem

Let us consider the system of integral equations verified by the solutions of the given equations G.
This system can only have one solution Wy, W, ..., Us where the W, ..., Ug are partial derivatives

of the Wy: in this case there occurs indeed no difficulty in writing inequalities analogous to the

(1) (1)
inequalities of Sec. 26, where W(,)...U(,); W (n)-.-U (n) on the one hand,

EONEY
Wimy+-Utmy; W (m)-+- U (m)

on the other hand, would be replaced by two solutions of equations G, respectively; from these
inequalities one derives without suffering the coincidence of these two solutions.

31 Summary of the results of chapter I1I

Let us summarize here the assumptions made and the results obtained. We consider a system
of nonlinear, second-order, hyperbolic partial differential equations with n unknown functions W
and four variables %, of the form

W

E, =AM~
‘ Oz Oz

+fs:Ov A7M:1725374582172'“7n' (E)

The fs are given functions of the unknown Wy, of their first partial derivatives Wy, and of the
variables . The AM are given functions of the W, and of the 2.
The Cauchy data are, on the initial surface 2* = 0,

Wg(xi,()) = ‘PS(xi)a Wg4(xi,0) = we(xl)

On the system (E) and the Cauchy data I make the following assumptions:

(1°) In the domain (d), defined by |2 —Z*| < d, ¢ and 1, possess partial derivatives up to the
orders five and four, continuous, bounded and satisfying Lipschitz conditions.

(2°) For the values of the W satisfying

|W9 _<ps| S l7 |W91 _<psi| S l; |W94 _¢s| Sl
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and in the domain D defined by A ‘
lo* — 7' < d, |2t < e:

(a) AM and f, possess partial derivatives up to the fourth order, continuous, bounded and
satisfing Lipschitz conditions.

(b) The quadratic form A* X, X, is of the normal hyperbolic type: A** > 0, A¥¢;¢; negative-
definite.

I then prove that the Cauchy problem (ps,%s) admits a unique solution, possessing partial
derivatives continuous and bounded up to the fourth order, in relations with equations (F) in a
domain A (tronc of cone with base d):

2 — 7| < d, |2*] < n(ah).
CHAPTER IV

Existence and uniqueness theorems for the equations of relativistic gravitation.

The ten potentials g, of the ds? of an Einstein universe satisfy, in the domains without matter
and in absence of electromagnetic field, the ten partial differential equations of second order of the
exterior case

Raﬁ = 8)\1_‘35 - aa]-—‘iﬁ + P§MPZ5 - ]‘—‘l;arl);ﬁ =0,

where one has set 0y for a% and where the z* are a system of four spacetime coordinates what-
soever.

The ten equations are not independent because the R, g satisfy the four conservation conditions
(Bianchi identities)

1
VASM = 0 where SM = RM — igk”’R.

1 Cauchy problem

The problem of determinism, in the theory of relativistic gravitation, is formulated, for an exterior
spacetime in the form of the Cauchy problem relative to the system of partial differential equations
R,p = 0 and with initial data (potentials and first derivatives) carried by any hypersurface S.

The study of the values on S of the consecutive partial derivatives of the potentials has shown
that, if S is nowhere tangent to a characteristic manifold, and if the Cauchy data satisfy four given
conditions, the Cauchy problem admits, with respect to the system of equations R,z = 0, in the
analytic case, a solution. This solution is unique, i.e., if there exist two solutions, they coincide up
to a change of coordinates (conserving S pointwise and the values on S of the Cauchy data).

If S is defined by the equation z* = 0, the four conditions that the initial data must verify are
the four equations

which are expressed in terms of the data only.

2 Isothermal coordinates

The coordinate 2 is said to be isothermal if the potentials satisfy the following first-order partial

differential equation:
o L =99
=V o |

The Einstein equations read as, in whatever coordinates,

Raﬁ = _Gaﬁ — Lag =0
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with 52
1 Gap
Gop = g —2%_ + H, ,
8= 59" g o T 1B

where H,g is a polynomial of the gy, g™ and of their first derivatives and

1 L 1 L
Lag = §g5,18aF‘ + 59()‘,,,85}”’. (21)

We see that, if the four coordinates are isothermal, every equation R,3 = 0 does not contain
second derivatives besides those of g,3. The system of Einstein equations takes then the form of
the systems studied in the previous chapters.

We can, without restricting the generality of the hypersurface S'!, assume that the initial data
satisfy, besides the four conditions Sgl = 0, the conditions of isothermy:

— Al
Pr= \/1__98(\/ 8ng ) _ 0 for 2t = 0. (2.2)

We shall solve this Cauchy problem for the equations G,g = 0, verified by the potentials in
isothermal coordinates, and we shall prove afterwards that the potentials obtained define indeed a
spacetime, related to isothermal coordinates, and verify the equations of gravitation Rog = 0.

3 Solution of the Cauchy problems for the equations G,z = 0

We shall apply to the system

G — AW 82906 H _
20 =9 g gan + e =0

the results of chapter III by setting g™ = AM H,5 = fs, gap = Ws. Let us make on the Cauchy
data the following assumptions:

Assumptions
In a domain (d) of the initial surface S,z = 0, defined by

lot — 7| < d:

(1°) The Cauchy data s and 1, possess partial derivatives continuous and bounded up to the
orders five and four, respectively.

(2°) In the domain (d) and for these Cauchy data the quadratic form g** X)X, is of normal
hyperbolic type, S being oriented in space: ¢** > 0, ¢ X; X ; negative-definite (let us remark in
particular that the determinant g of the gy, is # 0).

We deduce from these assumptions the existence of a number ! such that for |gag — @] < ! one
has g # 0 and we see that, for some unknown functions gog = W, the inequalities

oWs 09,
oz’ ozt

W -7 <1, }

oW
< Zs
— l) ‘ 8324 17[}8

<1 (3.1)

are satisfied. The coefficients of the equations Gog = 0 (which are here independent of the variables
x® satisfy, as the Cauchy data, the assumptions of chapter III, i.e.:

(1°) The coefficients AM = g™ and fs = H,p admit partial derivatives with respect to all their
arguments up to the fourth order continuous and bounded and satisfying Lipschitz conditions (g**

11 Once a spacetime and an hypersurface S(z* = 0) are given, there always exists a coordinate change z* = f(z*),
with % = 0 for % = 0, such that the potentials Jap verify the conditions (2.2) (an hypersurface S can always be
integrated in a family of isothermal manifolds). Cf. the proof of Sec. 5.
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and H,g are rational fractions with denominator g of the g, = W,, and of the g), = W, and
g%’", respectively).

(2°) The quadratic form A>"‘X>\XM is of normal hyperbolic type: A > 0, A% X; X, negative-
definite.

We can thus apply to the system G,z = 0, for the Cauchy problem here considered, the
conclusion of chapter II, which is stated as follows.

There exists a number £(z?) # 0 such that, in the domain

2" = 7| < d, |2%] < e(a”)
the Cauchy problem relative to the equations G,g = 0 admits a solution which has partial deriva-

tives continuous and bounded up to the fourth order and which verifies the inequalities (3.1).

4 The solution of the system G5 = 0 verifies the conditions
of isothermy

(1°) The solution found of the system Gap = 0 verifies the four equations
Oy F* =0 for 2* = 0.
We have assumed indeed that the initial data satisfy the conditions
S4=0 (4.1)

and
Fr =0 (4.2)

for z* = 0. Hence we have

1 « 1 «
Sy = _94“{G>\u ~ 399 PGap + L, — 399 BLaﬁ}~

The solution of the system Gop = 0 verifies therefore, taking into account the expression (2.1) of
L., the equations

—%g4“gAa8,LFO‘ — %&F‘l + %5§8aFa =0forz* =0,
from which, by virtue of (4.2) (F* =0 and O\ F* = 0),
—%g“gM&;Fo‘ =0 for z* = 0.
We see eventually that the solution found of the system G, = 0 verifies the four equations

Oy F* = 0 for 2% = 0.

(2°) The solution found of G = 0 verifies F* = 0.
This property is going to result from the conservation conditions. Ten potentials g, whatsoever

satisfy indeed the four Bianchi identities V (RA“ — %g)‘“R) = 0, where R™ is the Ricci tensor

corresponding to these potentials.
A solution of the system o,z = 0 verifies therefore the four equations

1
Vi (L’\“ — 5g*ﬂL) =0,
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where LM = g2 gPtL,5 and L = g*’L,p. It turns out from the expression (2.1) of Lag that
these equations read as

1 1 1
597 VA0 F") + 5™ VA (0F) = 56 VA (0aF") =0,

from which, by developing and simplifying,

1 s

S S Bu(0uF) =
where P is a linear combination of the d, F* whose coefficients are polynomials of the g*?, gz
and of their first derivatives.

We notice therefore that the four quantities F* (formed with the gog solutions of Gog = 0)
verify four partial differential equations of the type previously studied. The coefficients AM = g
and f, = P, verify, in D, the assumptions of chapter III. The quantities F'* are by hypothesis
vanishing on the domain (d) of x* = 0, and we have proved that the same was true of their first
derivatives 0, F'*. We deduce then from the uniqueness theorem that, in D, we have

F* =0and 0, F" = 0.

The potentials, solutions of the Cauchy problem formulated with respect to the system Go5 = 0,
verifies therefore effectively in (D) the conditions of isothermy and represent the potentials of an
Einstein spacetime, solutions of the equations of gravitation R,z = 0.

5 Uniqueness

In order to prove that there exists only one exterior spacetime corresponding to the initial conditions
given on S, one has to prove that every solution of the Cauchy problem formulated in such a way
with respect to the equations R,g = 0 can be deduced by a change of coordinates from the solution
of this Cauchy problem relative to the equations Gog = 0. We know (chapter IV) that this last
solution is unique.

Let us therefore consider a solution g, of the Cauchy problem relative to the equations Ro,g = 0
and look for a transformation of coordinates

B = fo @),

By conserving S pointwise and in such a way that the potentials in the new system of coordi-
nates, let them be §,g, verify the four equations

F* =0,
we know that the four quantities F* are invariants which verify the identities
Fr= ALt = Agf

In order for the equations F* = 0 to be verified it is therefore necessary and sufficient that the
functions f satisfy the equations

Dof® = g™ <782fa —-I? 8fa) =0 (5.1)

Oz Oz Al gp

which are partial differential equations of second order, linear, normal hyperbolic in the domain
(D).
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If we take for values of the functions f® and of their first derivatives, upon S, the following
values (that are such that the change of coordinates conserves S pointwise)

f1=0, 0af" =6,
fr=a' 0uf' =4, (5.2)

for #* = 0, we see that the Cauchy problems formulated in such a way admit (cf. the existence
theorems) in (D) and in relation to the equations (5.1) solutions possessing their partial derivatives
up to the fourth order continuous and bounded.

We have thus defined a change of coordinates #* = f*(2®) such that, in the new system of
coordinates, the potentials §og verify the conditions of isothermy F* = 0. Tt remains to prove
that this change of coordinates determines in a unique way the Cauchy data g,g(z* = 0) and
D4Gap(x* = 0), in terms of the original data gas(z* = 0) and d4gas(z* = 0).

We know that, gog being the components of a covariant two-index tensor

Jap = g)\uaafxaﬁfua (53)
from which, in light of (5.2),
Jap = Jap &;gag = agag for z* = #* = 0.

It remains to evaluate the derivatives of the potentials with respect to 2* and #* for z* = &* = 0.
© being an arbitrary function of a spacetime point we have

dap = OrpOsf,
from which 3
Dy = Oy for 2t = 7% = 0. (5.4)
We find, on the other hand, by deriving the equality (5.3) with respect to *

0190 = Oagnu0a P 0oL + g (024805 " + OBuf 0 L),

from which
O19ap = Oadap + Grg0asf™ + Gua0fy f* for a* = 0. (5.5)

We deduce also from the initial values (5.2) of the f*:
02, fA =0 for z* = 0.
The f* verify on the other hand the conditions of isothermy (5.1), from which
gHoi, = go"gfgﬁ for z* = 0.

02,1 is hence determined in a unique way by the original Cauchy data; this is also equally true
of 04gqap for z* =0.

We have thus proved the following theorem:

Once a solution gqp of the Cauchy problem is given in relation to the equations R,z = 0 (the
initial data satisfying upon S the differentiability assumptions previously stated) there exists a
change of coordinates, conserving S pointwise, such that the potentials j,3 in the new system of
coordinates verify everywhere the conditions of isothermy and represent the solution, unique, of a
Cauchy problem, determined in a unique way, relative to the equations Gog3 = 0.

We conclude therefore, in terms of relativity:

Theorem. There exists one and only one exterior spacetime corresponding to the initial
conditions assigned upon S.

64



Acknowledgments

I am happy to express here my profound gratitude to M. Lichnerowicz who has made it possible
for me to take advantage of the clarity he has in facing the great mathematical problems. After
having suggested to undertake this work, he always provided his encouragement and advice, which
made it possible for me to accomplish my task. I would also like to express my warmest thanks
to M. G. Darmois: the benevolent interest that he has always shown for my work on problems of
which he was the first to formulate the essential elements, has been precious for me.

To M. Leray, who wanted to join the examination committee of my thesis, and M. Peres, who
accepted to play the role of president, I express my respectful gratitude.

I thank with great respect M. Marcel Riesz for his benevolent support, which has made it
possible to publish this work.

References

[1] G. DARMOIS, Les équations de la gravitation einsteinienne, Mem. Sc. Math. 25, Paris 1927.

[2] A. LICHNEROWICZ, Probléemes globauz en mécanique relativiste, Actual. Sci. Ind. 833,
Paris 1939.

[3] J. HADAMARD, Le Probleme de Cauchy et les équations auz dérivées partielles linéaires
hyperboliques, Paris 1932.

[4] M. RIESZ, L’intégrale de Riemann-Liouville et le probléme de Cauchy, Acta Math. 81, Uppsala
1949.

[5] F1. BUREAU, L’ntégration des équations lineaires auz dérivées partielles du second ordre et
du type hyperbolique normal, Mem Soc. Royale Sc. de Liege, 3, 1938.

[6] H. LEWY-K. FRIEDRICHS, Das Anfangswertproblem einer beliebigen nichtlinearen hyper-
bolischen Differentialgleichung beliebiger Ordnung in zwei Variabeln. Existenz, Eindeutigkeit
und Abhdngigkeitsbereich der Losung, Math. Ann. 99, Berlin 1928.

[7] J. SCHAUDER, Das Anfangswertproblem einer quasilinearen hyperbolischen Differentialgle-
ichung zweiter Ordnung in beliebiger Anzahl von unabhdngigen Verdnderlichen, Fundam.
Math. 24, 1935.

[8] J. SCHAUDER, Cauchysches Problem fiir partielle Differentialgleichungen erster Ordnung.
Anwendung einiger sich auf Absolutbetrdage der Lisungen beziehende Abschdtzungen, Comm.
Math. Helv. 9, 1936-37.

[9] G. HERGLOTZ, Uber die Integration linearer partieller Differentialgleichungen mit konstanten
Koeffizienten, Leipz. Ber. 80, 1927.

[10] I. PETROWSKY, Uber das Cauchysche Problem tiber Systeme von partiellen Differentialgle-
ichungen, Rec. Math. Moscou, N. s. 2, 1937.

[11] S. L. SOBOLEV, Méthode nouvelle a résoudre le probléme de Cauchy pour les équations
linéaires hyperboliques normales, Rec. Math. Moscou, N. s. 1, 1936.

[12] K. STELLMACHER, Zum Anfangswertproblem der Gravitationsgleichungen. Ausbreitungs-
gesetze fir charakteristische Singularitdten der Gravitationsgleichungen, Math. Ann. 115,
Berlin 1938.

[13] S. CHRISTIANOVICH, Le probléeme de Cauchy pour les équations non linéaires hyperboliques,
Rec. Math. Moscou, N. s. 2, 1937.

65






MAX-PLANCK-INSTITUT FUR WISSENSCHAFTSGESCHICHTE

Max Planck Institute for the History of Science

Preprints since 2013 (a full list can be found at our website)

437
438
439
440

441

442

443
444
445
446

447

448

449

450

451

452
453
454

455

456
457
458

459

Jurgen Renn Schrodinger and the Genesis of Wave Mechanics
Pietro Daniel Omodeo L'iter europeo del matematico e medico scozzese Duncan Liddel
Irina Tupikova & Klaus Geus The Circumference of the Earth and Ptolemy’s World Map

Pietro Daniel Omodeo und Jirgen Renn Das Prinzip Kontingenz in der Naturwissenschaft
der Renaissance

Horst Kant und Jirgen Renn Eine utopische Episode - Carl Friedrich von Weizsacker
in den Netzwerken der Max-Planck-Gesellschaft

William G. Boltz and Matthias Schemmel The Language of ‘Knowledge’ and ‘Space’ in the
Later Mohist Canon (TOPOlI - Towards a Historical Epistemology of Space)

Stefano Bordoni Looking for a Rational Thermodynamics in the late XIX century
Sonja Brentjes and Jurgen Renn The Arabic Transmission of Knowledge on the Balance
Horst Nowacki Archimedes and Ship Design

Matthias Schemmel Elements of a Historical Epistemology of Space (TOPOIl - Towards
a Historical Epistemology of Space)

Martin Thiering and Wulf Schiefenhovel Spatial Concepts in Non-Literate Societies:
Language and Practice in Eipo and Dene Chipewyan (TOPOI - Towards a Historical
Epistemology of Space)

Jurgen Renn Einstein as a Missionary of Science

Hubert Laitko Der Ambivalenzbegriff in Carl Friedrich von Weizsdckers Starnberger
Institutskonzept

Stefano Bordoni When Historiography met Epistemology. Duhem’s early philosophy of
science in context

Renate Wahsner Tausch - Allgemeines - Ontologie oder Das Auseinanderlegen
des Konkreten und seine Aufhebung

Jens Hayrup Algebra in Cuneiform. Introduction to an Old Babylonian Geometrical Technique
Horst Nowacki Zur Vorgeschichte des Schiffbauversuchswesens

Klaus Geus and Mark Geller (eds.) Esoteric Knowledge in Antiquity (TOPOI - Dahlem Seminar
for the History of Ancient Sciences Vol. IlI)

Carola Sachse Grundlagenforschung. Zur Historisierung eines wissenschaftspolitischen
Ordnungsprinzips am Beispiel der Max-Planck-Gesellschaft (1945-1970)

David E. Rowe and Robert Schulmann General Relativity in the Context of Weimar Culture
F. Jamil Ragep From Tin to Turun: The Twists and Turns of the Tisi-Couple

Pietro Daniel Omodeo Efemeridi e critica all’astrologia tra filosofia naturale ed etica:
La contesa tra Benedetti e Altavilla nel tardo Rinascimento torinese

Simone Mammola Il problema della grandezza della terra e dell’acqua negli scritti di
Alessandro Piccolomini, Antonio Berga e G. B. Benedetti e la progressiva dissoluzione
della cosmologia delle sfere elementari nel secondo ‘500



460 Stefano Bordoni Unexpected Convergence between Science and Philosophy: A debate
on determinism in France around 1880

461 Angelo Baracca Subalternity vs. Hegemony - Cuba’s Unique Way of Overcoming
Subalternity through the Development of Science

462 Eric Hounshell & Daniel Midena “Historicizing Big Data” Conference, MPIWG,
October 31 - November 2, 2013 Report

463 Dieter Suisky Emilie Du Chatelet und Leonhard Euler iiber die Rolle von Hypothesen.
Zur nach-Newtonschen Entwicklung der Methodologie

464 Irina Tupikova Ptolemy’s Circumference of the Earth (TOPOl - Towards a Historical
Epistemology of Space)

465 Irina Tupikova, Matthias Schemmel, Klaus Geus Travelling along the Silk Road: A new
interpretation of Ptolemy’s coordinates

466 Fernando Vidal and Nélia Dias The Endangerment Sensibility

467 Carl H. Meyer & Gunter Schwarz The Theory of Nuclear Explosives
That Heisenberg Did not Present to the German Military

468 \William G. Boltz and Matthias Schemmel Theoretical Reflections on Elementary Actions
and Instrumental Practices: The Example of the Mohist Canon (TOPOl - Towards a
Historical Epistemology of Space)

469 Dominic Olariu The Misfortune of Philippus de Lignamine’s Herbal or New Research
Perspectives in Herbal lllustrations From an Iconological Point of View

470 Fidel Castro Diaz-Balart On the Development of Nuclear Physics in Cuba
471 Manfred D. Laubichler and Jurgen Renn Extended Evolution

472 John R. R. Christie Chemistry through the ‘Two Revolutions’: Chemical Glasgow and its
Chemical Entrepreneurs, 1760-1860

473 Christoph Lehner, Helge Wendt Mechanik in der Querelle des Anciens et des Modernes

474 N. Bulatovic, B. Saquet, M. Schlender, D. Wintergrin, F. Sander Digital Scrapbook - can
we enable interlinked and recursive knowledge equilibrium?

475 Dirk Wintergrun, Jurgen Renn, Roberto Lalli, Manfred Laubichler, Matteo Valleriani
Netzwerke als Wissensspeicher

476 \Wolfgang Lefevre ,Das Ende der Naturgeschichte“ neu verhandelt

477 Martin Fechner Kommunikation von Wissenschaft in der Neuzeit: Vom Labor in die
Offentlichkeit

478 Alexander Blum, Jurgen Renn, Matthias Schemmel Experience and Representation in Modern
Physics: The Reshaping of Space (TOPOl - Towards a Historical Epistemology of Space)

479 Carola Sachse Die Max-Planck-Gesellschaft und die Pugwash Conferences on Science and
World Affairs (1955-1984)

479 Yvonne Fourées-Bruhat Existence theorem for certain systems of nonlinear partial differential
equations



	Titel_480
	Foures-Bruhat
	anhang_480

